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Ya`nfp\lkpm½R,L_aL;XZY[_a`ctY,fq]J_[XaL*mnpL;X%YafMYaHlLt*kqXrL fh@fq]8YaLE_,khjJjJ_[f¨£8`Kkh¢
  Î] ÉÉÂÂ
S   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	XF
[
Y[`fq\lX,fp&Xrfqm]8Y[`fq\lXET8]ltuHkh\kpjJjJ_[fqkptuH`cX@gZ]lXrYa`2.lLEs= xWV YaHJLkhjJjJmn`ct*k#Y[`fq\lXY[f:\W]JKML*_[`ntEkhmFKML*YaHJf8sJX
fp%Y[fpjxfpmnfpqVfpj8Y[`KM`cXakhYa`nfp\=Jfq_mn`\JL;kh_jJ_[fplmLEKMXE fp]8Y[L*_khjljJ_af¨£8`nKk#Ya`nfp\4Xkh_[L ]4XrL;s Lp ln F`n\ D LE6 
XaL*L khmcXrf Dn{ E  (fp_ s8L*_[`n¨khYa`nfp\ fpYafqj4fqmfqp`ct*khm%s8L*_[`#khYa`npLEXfp_`nXafhY[_afqjJ`nt:L*mckpXrYa`ct
`YZVpOIPf@%LEpLE_E YaHJL
t*fpKMjJmnL
Y[L:kpXaVdKMj8Y[fhY[`ntkp\lkhmnV8Xr`cX\JLEt*LEX[Xakp_aVY[fMgZ]lXrYa`V¦Y[HJLs8LE_a`n#k#Ya`nfp\ fhY[fpjxfpmnfpp`ct*kpm@s8L*_[`#khYa`npLEX
fq_pLE\JL*_ukhm3mn`\JL;kh_xfp]J\4sJkh_[V#khmn]JLjJ_[fpJmnL*KX`cXj4LE_rfq_aKMLEs `n\ D·$UFE6
3ï\¦YaHJL jlkhjxL*_C@Ls8LE_a`npL]4XrL*]Jmfp_[K]JmckhLfq_PY[HJLMt
fp_[_[LEtY[`fq\YaL*_[KXPfp&YaHlLLE\JL*_[pV ]J\lt
Ya`nfp\8¢
kpmnXEQ,L¡_[LEXrYa_[`nt
YMfq]J_uXrLEmqLEXYaf Y @%f s8`nKML*\lXa`fq\lkhmjl_afqJmLEKX kp\ls YafXr`n\Jq]Jmnkp_Mj4LE_rY[]J_a4k#Ya`nfp\4Xfp
qL*fqK L*Ya_[`ntEkhmlsJfpKkh`n\lX&`n\:Y[HJL,fq_aK fpFXrKkhmnm4sJ`nX[t*XE@G%@f_[L*jJ_[LEXaL*\dY[khYa`npLjJ_[fplmLEKMX%kh_[LPt
fq\lXa`ns8LE_aL;s
`n\lt*m]lsJ`\J Y[HJLTW`np\Jfq_a`n\J`jJ_[fpJmnL*K kh\lsYaHJL _[`ctYa`nfp\lmL;XaXt*fp\dY[kqtYjJ_[fpJmnL*K'`n\¡m`n\JL;kh_L*mckpXrYa`ct
`YZVp
GHJL:t*fp_[_aL;tY[`fq\YaLE_aKXkp_aLs8LE_a`npL;s¦`n\Xr]4tuH k fq_aK¡ =Y[Hlk#YY[HJL:\W]JKML*_[`ct*khm@qL*_[`0.xt*k#Y[`fq\¦fp`Y[X
jl_aL;t
`cXr`nfp\ `nXXrYa_ukh`npH8fq_
@kh_us@i\Y[HJLfhY[HJL*_Hlkp\ls WY[HJL YaLE_aKXkh_[Ls8`n_aL;tYamnV:]lXaLEsYafL;XZYukhJmn`cXrH YaHJL
Y[fpjxfpmnfpq`ntEkhmls8`213L*_[L*\dYa`ckhJ`nmn`®YZV fhFXafpmn]8Ya`nfp\4X@Yaf¨kp_a`ck#Y[`fq\lkhml`\JL;bd]lkhmn`®Y[`L;X*XBk_[LEXa]JmYE qYaHJLfp\JL,YaL*_[K
67#,L*£Wj4kh\lXa`fq\fhXrfqm]8Y[`fq\lX`nX s8LE_a`npL;s¡fp_kt
mckpX[XPfpB\Jfq\Jm`n\JL;kh_jJ_afqJmnL*KX*i]JYaL*_ L*£Wj4kh\lXa`fq\
KML;kh\lXBYaHlkhYBY[HJLL*£8jlkh\lXa`nfp\`cXBjJ_[LEt*`nXaL,åkp_B_[fpK YaHlLHJfqmLq dYaHJLL
£8jlkh\4Xr`nfp\:jl_aL;t
`cXrL,\lLEkh_BYaHJLHJfqmL`nX
tEkhmnmL;s ""&3L
£8jlkp\lXr`nfp\kp\ls ]lXa]lkhmnmVPYaHJLBKMkhY[tuHJ`n\J,jl_af8t
L;s8]J_[L(`nXkhjJjJmn`nLEsND zE  $D·hEdYaf,t*fp\lXrYa_[]lt
Y=YaHJL
qmfqlkhm4kpXaVdKMj8Y[fhY[`ntkhjJjJ_[f¨£8`KkhYa`nfp\ fhFXafpmn]8Ya`nfp\lX&Yaf4fq]J\lsJkp_aVjJ_afqJmnL*KX&`n\Xa`\Jq]Jmckh_[mV j4LE_rY[]J_[4L;s
qL*fqK L*Ya_[`ntEkhms8fqKMkp`\4X*
GHJLYafqj4fqmfqp`ct*khms8`013L*_[L*\dY[`nkpJ`mn`YZVfp(YaHJLL*\JLE_aqV]J\4tYa`nfp\4khmfp_X[t*kpmnkp_TW`np\Jfq_a`n\J`jJ_afqJmnL*K `nX
fq8Y[kp`\lLEsM`n\YD·yFEx]l\ls8L*_XafpKML,_[L*p]lmnkp_a`YZVkqXaXa]JKMj8Ya`nfp\4X*X,LfpJY[kh`n\MYaHlLP_[LEXa]Jm®YuXBfq\MYaHJLYafqj4fqmfqp`ct*kpm
sJ`013L*_[L*\dYa`ckhl`mYZV fhPXafpmn]8Ya`nfp\lXYaf TW`q\Jfp_[`n\J`BjJ_[fplmLEK kp\ls Y[fYaHlL t
fq\dY[kpt
YjJ_[fplmLEK `n\ LEmnkqXZY[`nt*`®YZV
`n\ YaHJLM_ukhKMLW@%fq_
Gfp\Jfq\lXaK fWfpYaH kh\lkpmV8Xa`nXEN3 YK L;kh\lXY[Hlk#Y)@%LMLEXrY[kpJmn`nXaH¦Y[HJLT.l_uXrY fq_[sJL*_fp]JYaL*_
kqXrVWKMj8Y[fhYa`ctkhjJjJ_[f¨£8`KkhYa`nfp\fplYaHlL,Xrfqm]8Y[`fq\lXYafYaHlL#kp_a`ck#Y[`fq\lkhmW`n\JLEbd]lkpm`YZV`\YaHlL,Xr`n\Jp]lmnkp_amnV j4LE_r¢
Y[]J_[4L;spLEfpKML
Y[_a`ct*kpmFs8fpKkp`\lXETW]4tuHkh\¦kpjJjJ_[f¨£W`nKk#Y[`fq\`cXPt*fp\lXrYa_[]lt
YaLEs¡WV¡_[L*jJmckpt*`\JMY[HJLL*£JkptY
LE\JL*_[pV ]J\lt
Ya`nfp\lkpmWV`®YuXkqXrVWKMj8Y[fhYa`ctkpjJjJ_[f¨£8`Kk#Y[`fq\kh\ls¡WVXr]llXrL;bd]JL*\dYKM`n\J`nK `nEkhYa`nfp\fp@YaHJL
kpjJjJ_[f¨£8`Kk#Y[L L*\JLE_aqV:f#pLE_YaHJLt*fp\WpL*£ t
fq\JLpBbd]J`n¨kpmLE\dYamnVp l`YPKMLEkp\lXY[Hlk#Y,Y[HJLkpjJjJ_[f¨£W`nKk#Y[Ll`®¢
mn`n\JLEkp_@fp_[K `cXBt*fp\lXrYa_[]lt
YaLEskp\ls YaHlL,#kh_[`nkhYa`nfp\lkpmJ`\lLEbd]lkhmn`YZV`cXBt*fp\lXa`nsJL*_[LEsfp_Xr]ltuH:kfq_aK¡&TW`n\lt
L
Y[HJLXa`n\Jp]Jmckh_Pj4LE_rY[]J_a4k#Ya`nfp\fp&pLEfpKML
Y[_a`ct*kpmFs8fpKkp`\`cXP_[L*jlmnkqt
LEs¡WV YaHJL_aLEp]Jmckh_Pj4LE_rY[]J_a4k#Ya`nfp\fp
Y[HJLJ`nmn`\JL;kh_fq_aK¡ ?@Lt*kp\khjJjJmnV YaHJL @L*mnm=L;XZYukhJmn`nXaHJL;sY[LEtuHJ\l`nbd]JLfp(t*fp\J`ct*kpmFs8`21xLE_aLE\dYa`ckhJ`nm`YZVfp
Xafpmn]8Y[`fq\lX&Y[fM¨kp_a`ck#Y[`fq\lkhmx`n\JLEbd]lkpm`Ya`nLEX%YafMs8LE_a`npLYaHJL_[LEbd]J`n_aL;s:fp]JYaL*_kpjJjJ_[f¨£W`nKk#Y[`fq\fhXafpmn]8Y[`fq\lX*
t
Ya]lkpmmnVp 8fq]J_khjJjl_afdkptuH t*fp\lXa`cXZYuX%fpFY @f XrYaLEjlXE`n_uXZY; WYaHJLLE\JL*_[pVM]J\4tYa`nfp\4khm`cXkh\lkpmV8XaLEs:`n\YaHJL
sJfpKkh`n\lX=`n\lt*m]lsJ`\J XaKMkpmmdHJfqmL;X*GHJL .l_uXrYFYaLE_aKvfplkpXaVWK jJYafhY[`ntEXF`cX`ns8LE\dYa`2.lLEsfp_YaHJLL*\JLE_aqVP]l\lt¢
Y[`fq\lkhm6 Jkh\4sY[HJL fp_[K"fpY[HJL YaLE_aK `nXPXrLEmL;tYaL;s`n\Xa]ltuHkN@k¨VMYaH4k#YYaHlL\W]JKML*_[`ntEkhm=t
fqKMjJ]8Y[khYa`nfp\lX
kp_aLL;kpXaVY[fjxL*_afp_[K¡9,LjJ_af#W`cs8L_[LEXa]JmY[X,fpBt
fqK jl]8Y[khYa`nfp\lXP`\fq_[sJL*_Y[ft
fqK j4kh_[LYaHJL s8`21xLE_aLE\qY
L;bd]J`#kpmLE\qYfp_[KXPfp&YaHlLMt*fp_[_aL;tY[`fq\¡YaL*_[KXfh&Y[HJLLE\JL*_[pV]J\4tYa`nfp\4khmcX*P3ï\¦YaHJLXaLEt
fq\lsXrYaLEj= 3fp_
Y[HJLkpjJjJ_[f¨£W`nKk#Y[Lfh@L*\JLE_aqV:]J\4tYa`nfp\4khm6 lY[HJLKM`n\J`KM`nEkhYa`nfp\jJ_[fpJmnL*K f#pLE_Pkt
fq\WpL
£¡t
fq\JL`n\YaHJL
LE\JL*_[pVXajlkpt*L`cX t
fp\4Xr`cs8L*_[LEs= GHl`nXjJ_[fpJmnL*K$mnLEkqsJXYaf¨kp_a`ck#Y[`fq\lkhm`\lLEbd]lkhmn`YZVs8L*jxL*\lsJ`\Jfp\¦YaHJL
XaKkhmnmj4kh_ukhKML
Y[L*_
ρ
  @HJ`ctuHkqs8KM`®YuXPY[HJL ]J\J`cbq]lL Xafpmn]8Ya`nfp\fp_YaHJL jlkp_[khKML*YaL*_
ρ ∈ (0, ρmin]
GHJL
j4kh_ukhKML
Y[L*_
ρ
s8L;Xat*_a`nxLEX(Y[HJLPXa`ELfh3YaHJLPfpjxL*\J`n\J
B(ρ)
`n\MYaHJLs8fpKkh`n\
Ωρ = Ω\B(ρ)
 dkp\ls
ρmin
`nX
Xa]7M:t
`nL*\dY[mVXaKMkpmmxY[fkpX[Xa]J_aLPYaHJLL
£8`cXZY[L*\lt*LPfpkh\ ]J\J`cbq]lLXafpmn]8Ya`nfp\:fp_%YaHJL#kh_[`nkhYa`nfp\lkpml`n\JLEbd]lkpm`YZVp
GHlL \lL@ _aL;Xr]JmYfh%YaHJLjlkpj4LE_`nXY[HJLjJ_[fWfhZ Y[Hlk#Y YaHlL:Xrfqm]8Y[`fq\lX fh#kh_[`nkhYa`nfp\lkpm`n\JL;bq]4khmn`®Y[`L;Xkh_[L
IkpsJkpKkh_uss8`21xLE_aLE\qY[`nkpJmnL)@`YaH _aL;XrjxLEt
YY[f
ρ
 FkhY
ρ = 0+
GHJLt
fp\l`ntEkhm(s8`013L*_[L*\dY[`nkpmfpXafpmn]8Ya`nfp\
Y[fM¨kp_a`ck#Y[`fq\lkhm3`n\JLEbd]lkpm`YZV`cXp`npLE\WVk ]J\J`cbd]JLXrfqm]JYa`nfp\fp(kp\kp]8£8`mn`ckh_[V¨kp_a`ck#Y[`fq\lkhmx`n\JLEbd]lkpm`YZVp
Íé =Í 
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GHlLPkh]8£8`nm`ckh_[V#kh_[`ck#Ya`nfp\4khmJ`n\JLEbd]lkpm`YZV`cX&L*£8jJm`ct
`YaLEmVs8L*YaLE_aKM`n\JLEsX3ï\:jlkp_rY[`nt*]Jmckh_; pXr]4tuH:k _aL;Xr]JmYBfq\
t*fp\J`ct*kpm@s8`013L*_[L*\dY[`nkpJ`mn`YZV¦t*kp\xL]lXaLEs¦fp_Xr`nK]lm®Yukh\JLEfp]lXXaHlkhjxLkh\ls¦Yafqj4fqmfqpVfqj8Ya`nKM`;k#Ya`nfp\¦fp_
t*fp\dY[kqtYjJ_[fpJmnL*KX`n\ Y[HJLP@k¨VjJ_afqj4fdXrL;s`n\ D $LE 
GHJLjl_af8t
L;s8]J_[L=@L]lXaL `\YaHlLjlkhjxL*_,tEkh\4Ls8L;Xat*_a`nxLEs `\YaHlL fpmnmf@`n\JN@k¨Vq
`n_[XrYE 8mnL
Y]lXt
fq\lXr`cs8LE_BY[HJL T8`q\Jfp_[`\l`4jJ_[fplmLEK[3 Y`nXk t
mckpX[Xr`ct*kpmJ_[L*L4fq]J\lsJkp_aVMjJ_[fplmLEK @`YaH
kp\fplXrY[kqt
mnLfp\YaHJL4fq]J\lsJkp_aV
Γs
GHJLXafpmn]8Ya`nfp\
u(Ω)
fhBXa]ltuHk:jl_afqJmLEK @`YaHYaHJLMs8fpKkp`\fp
`n\dYaLEp_uk#Ya`nfp\
Ω ⊂ IR2 X[k#Y[`nX .lL;XBY[HJL#kh_[`nkhYa`nfp\lkpm3`\JL;bd]lkhmn`®YZV
u = u(Ω) ∈ K :
∫
Ω
∇u · ∇(v − u) ≥ 0 ∀v ∈ K   {
@HlL*_[L
K(Ω) = {v ∈ H1(Ω)|v = g on Γ0, v ≥ 0 on Γs} .   
lfp_Y[HJLs8fqKkh`n\
Ωρ
 @`YaHYaHJLXaKkhmnm=HJfqmL
B(ρ)
`\¡Y[HJLfp_[K fh@ks8`nX[t
B(ρ) = {x : |x−O| <
ρ} ⊂ Ω   O `cXYaHJLt
L*\dY[_aL:fpYaHJL HJfpmnLp Y[HJL Xafpmn]8Ya`nfp\ fhYaHJLTW`np\Jfq_a`n\J`%jJ_afqJmnL*K `nXs8L*\JfpYaL;sWV
u = u(Ωρ)
 Xa]ltuHk¡Xrfqm]JYa`nfp\ `nX]J\J`cbq]lLMfp_XaKkhmnm
ρ
 , LkqXaXa]JKMLM`\ YaHlLXrL;bd]JL*m@Y[Hlk#Y O `nXYaHJLfq_a`np`n\=A3ï\kqsJs8`Ya`nfp\= 
u(Ωρ)
XakhYa`cX .4LEXPYaHJL HJfpKMfqpL*\lL*fp]4XNPL*]JKkh\l\t
fq\ls8`Ya`nfp\fp\Y[HJLM4fq]J\lsJkp_aV
Γρ
fhYaHJLHlfpmnL
B(ρ)

, Lkh_[L `\dY[L*_[LEXrYaLEs`n\YaHJLkqXrVWKMj8YafpYa`ct 4LEHlk¨W`fq]J_fh
u(Ωρ) ∈ H1(Ωρ)
fq_
ρ → 0+ &GHJLL*\JLE_aqV]l\ltY[`fq\lkhm3fq_
Ωρ
 
ρ ≥ 0   ρ XaKkhmnmL*\Jfq]JpHF 
E(Ωρ) =
1
2
∫
Ωρ
‖∇u(Ωρ)‖2
kqs8KM`®YuXYaHJLkqXrVWKMj8Y[fhYa`ctL
£8jlkp\lXr`nfp\ DD yFE  Jj=RUpypyJ    Sl·L#E
E(Ωρ) = E(Ω) +
ρ2π
2
|∇u(Ω;O)|2 +O(ρ3−δ)
fq_XafpKML
0 < δ < 1
GHlLT.l_uXZYfq_[sJL*_t
fq_a_[LEt
Ya`nfp\YaLE_aK
ρ2b(u(Ω), u(Ω)) = −ρ2π|∇u(Ω;O)|2`n\Y[HJLLE\JL*_[pV]J\ltY[`fq\lkhm(t*kp\4L_aLEjJ_[LEXaL*\dYaL;s¡`\Y[HJLL;bd]J`#kpmLE\qYPfp_[K fpBkm`n\JL`\dYaLEp_ukhm=f#qL*_Pk
t*`_ut
mnL
ΓR = {x : |x−O| = R}
@`®Y[H Y[HJLt
LE\dYa_[L khY O
b(u, u) = − 1
2πR6
[
(∫
ΓR
ux1 ds
)2
+
(∫
ΓR
ux2 ds
)2
]
GHlL*_[L
fp_[Lp @L,t*kp\ sJL .l\JLY[HJL\JLW@LE\JL*_[pV ]J\4tYa`nfp\4khmls8L.l\JL;sfq\
Ω
kh\4s sJL*jxL*\ls8`n\Jfq\Y[HJL,XrKkpmm
j4kh_ukhKML
Y[L*_
ρ
 
E0(ρ ;w) =
1
2
∫
Ω
‖∇w‖2 dx+ ρ2b(w,w)
GHlL]J\lt
Ya`nfp\lkpm
E0(ρ ;w)
Xr]J4XZYukh\dYa`ckhmnmV¡s8`21xLE_[XP_[fpK YaHJLL*\JLE_aqVs8L.l\JL;s¡fp_XrLEm®åkqs¨gZfp`n\dYPL
£WYaLE\8¢
Xa`nfp\lX%fhFLEmmn`nj8Ya`ctfpjxL*_uk#Yafq_[XE @Hl`ntuH `\lt*m]4s8LEX%YaHlLXafh¢ït*kpmmnLEs:XaL*j4kh_uk#YaL;s:kpXaVWKMj8YafpYa`ct*X=D SE6  D·LE6 8kh\4s
  Î] ÉÉÂÂ
}   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	XF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mnLEkqsJXY[fkqXrVWKMj8YafpYa`ct*kpmmnVL*£JkptY khjJjJ_[f¨£8`KkhYa`nfp\ fh
u(Ωρ)
`n\Y[HJL mn`n\JLEkp_t*kqXrLq¦Q`n\J`nK `n*`n\JYaHJL
]l\ltY[`fq\lkhm
E0(ρ ;w)
f#pLE_MYaHJL XrL*Y
K = K(Ω)
mL;kpsJXYaf Y[HJL¦Xafpmn]8Ya`nfp\
uρ
@HJ`ctuH `nX kh\ 67#
kpjJjJ_[f¨£8`Kk#Y[`fq\fpYaHJLXafpmn]8Y[`fq\
u(Ωρ)
lfp_YaHJL:fq]8YaLE_khjljJ_af¨£8`nKk#Ya`nfp\ @L:Hlk¨pLMY[HJLfqmmnf@`\l
L*£8jlkh\lXa`nfp\`n\
H1(Ω)
 ?@`YaH¡_[LEXaj4L;tYYaf Y[HJLXrKkpmmjlkp_[kpKML
YaLE_E 
uρ = u(Ω) + ρ
2q + o(ρ2) .    
&£Wj4kh\lXa`fq\    Bfpmnmf@,XWVkp\kpjJjJmn`ntEk#Ya`nfp\ fhYaHJLt*fp\J`ct*kpm3sJ`013L*_[L*\dYa`ckhl`mn`®YZVfpXafpmn]8Ya`nfp\4XYaf ¨kp_a`ck#¢Y[`fq\lkhm`n\JL;bq]4khmn`®Y[`L;X*
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−∆u = 0 in B1(O) \ ωε , u = g on S1(O) , ∂nu = 0 on ∂ωε
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‖u− U ;H l+1/2(S1(O))‖ + ‖∂n(u− U);H l−1/2(S1(O))‖ ≤ cκε1−κ‖g;H l+1/2(S1(O))‖ ,
 
 
κ > 0

cκ → ∞

κ → 0+  cκ
$#"&5" : "
l
"&
ω  l ∈ IN = {1, 2, ...} " '8 $"O'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
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u
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ω
 ) 
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ωε = εω
J 
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"
O ∈ ω   
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l + 1/2
# 2/':
l+ α
 !":
α ∈ (0, 1) 
NPf@ mnL
Y ]lXt
fq\lXa`ns8LE_YaHlLkpXaVWK jJYafhY[`ntkh\lkpmV8Xa`nX fpXafpmn]8Y[`fq\lX Yaf¦¨kp_a`ck#Y[`fq\lkhm@`n\JL;bq]4khmn`®Y[`L;X`n\
Y[HJLkh4XZY[_[kqtYXrL*YrYa`n\J4
, Lt
fq\lXa`ns8LE_YaHJL#kh_[`ck#Ya`nfp\4khm3`\lLEbd]lkhmn`YZV
uρ ∈ K : a(ρ;uρ, v − uρ) ≥ 0 ∀v ∈ K ,
@HlL*_[LY[HJLJ`nm`n\JL;kh_fp_[K'`cXp`npLE\ WV
a(ρ;u, v) = a(0;u, v) + ρ2b(u, v)
kp\ls
ρ > 0
`nXkXaKMkpmm@j4kh_ukhKML
Y[L*_;GHJLMJ`nm`n\JL;kh_fp_[K
a(ρ;u, v)
`cXs8L
Y[L*_[KM`\JL;s¦WV¦kqXrVWKMj8Y[fhYa`ct
kp\lkhmnV8Xr`cXfp@YaHJL khjJjJ_[fpjl_a`ck#Y[LL*\JLE_aqV]J\4tYa`nfp\4khm(s8L*jxL*\lsJ`\J fp\¡Y[HJLjl_afqJmLEK¡PGHJLj4kh_ukhKML
Y[L*_
ρKML;kpXa]J_aL;XYaHlLXa`ELfh&XaKkhmnms8L*LEt
Y`n\YaHJLpLEfpKML
Y[_a`ct*kpmFs8fpKkp`\fp&`\dYaLEp_uk#Y[`fq\
Ωρ
fq_Xafpmn]8Ya`nfp\lX
fpYaHJL ¨kp_a`ck#Y[`fq\lkhmB`\JL;bd]lkhmn`®YZVq 3ï\ jlkp_rY[`nt*]Jmnkp_E X@LXrHlf@ Y[Hlk#YYaHJL j4LE_rY[]J_a4k#Ya`nfp\
b(u, v)
t*kh\ 4L
L*£8jJ_aL;XaXaLEs`\Y @fs8`013L*_[L*\dY9@k¨VWXE
# kpXY[HJLj4fq`\dY @`cXrL #khmn]JL;Xfh@XrfqK Ls8`213L*_[L*\dYa`ckhmL*£Wjl_aL;XaXa`fq\%$
# fp_L;bq]l`#khmnL*\dY[mVq JkpXk m`n\JL`n\dYaL*q_[kpm3f#pL*_kMt
`n_ut
mnL`n\YaHJLsJfpKkh`n\ fp`n\dYaLEp_uk#Ya`nfp\F
Íé =Í 
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NP]JKML*_[`ntEkhmL
£JkhKMjJmnLEXt
fq\7.l_[K YaHlkhYPYaHlL XaLEt*fp\lsL*£8jJ_aL;XaXa`nfp\`cXKMfq_aLXa]J`Y[kpJmLfp_YaHlL\W]JKML*_[`ct*khm
KML*YaHJf8sJXE
GHJLjlkhjxL*_¡t
fq\dY[kh`n\lX:Y @%fjlkh_aY[XE 3ï\ Y[HJLXaLEt*fp\ls j4kh_aYYaHlL¦fq_aK]JmnkpL¦kh_[L¦s8LE_a`npL;s fp_ YaHJL
jxL*_aYa]l_alkhYa`nfp\
b(u, v)
fq_MY @%f s8`21xLE_aLE\dY Y @fs8`nK LE\lXa`fq\lkhmjJ_[fpJmnL*KX WV kh\ khjljJm`ct*khYa`nfp\ fhYaHJL
kqXrVWKMj8Y[fhYa`ct kh\lkpmV8Xa`nXE
3ï\ Y[HJLO.l_[XrYjlkp_rYfhY[HJL¦jlkpj4LE_E ,fp_:Y[HJL¦#kp_a`ck#Y[`fq\lkhm`\JL;bd]lkhmn`®YZV s8LEj4LE\ls8`n\J fq\ YaHJL XrKkpmm
j4kh_ukhKML
Y[L*_
ρ > 0
 8YaHJLL*£8jlkh\lXa`nfp\fp(Xafpmn]8Y[`fq\lX`nX,sJL*_[`qLEsfp_
ρ > 0
Xa]7M:t
`nL*\dYamnV XaKkhmnm
uρ = u+ ρ
2q + o(ρ2) .
GHlLY[L*_[K
q
`nXMt*kpmmnLEs YaHJL 82	;MfhPYaHJLXafpmn]8Ya`nfp\
u(Ω)
YafYaHJL#kh_[`nkhYa`nfp\lkpmB`n\8¢
L;bd]lkhmn`®YZVq 3ï\åkpt
YE (fp]J_t
fp\4XZY[_a]lt
Ya`nfp\_[LEXa]JmY[X`n\YaHlLT.l_uXZYY[L*_[K fh,kpXaVWK jJYafhY[`ntEXfhPXafpmn]8Y[`fq\lX Yaf
#kp_a`ck#Y[`fq\lkhm=`n\JL;bq]4khmn`®Y[`L;X*  @HJ`ctuH`cXkqXrVWKMj8YafpYa`ct*kpmmnV¡L
£Jkpt
Y,åkh__afqK YaHJL pLEfpKML
Y[_a`ct*kpmFXr`n\Jq]Jmnkp_a`YZVp
IPf@%LEpLE_E  @Ls8f\JfhY,_[LEbd]J`n_[L kp\WV kpsls8`®Y[`fq\lkhmF_aLEp]Jmckh_[`®YZVfq\YaHJL]J\Gd\lf@\¡Xafpmn]8Y[`fq\lX`n\fq_[sJL*_Yaf
sJL*_[`qL YaHJLkp4f#qL L
£8jlkh\4Xr`nfp\=TW]ltuHk_[L*q]Jmckh_[`®YZV:`cX]lXa]lkpmmnV_[LEbd]J`n_aL;s`\¡Y[HJLL
£8`cXZY[`\l:m`YaLE_[khYa]J_[Lp 
kp\ls:`n\qL*\JLE_[kpmxtEkh\J\lfhY%xL pLE_a`2.lLEs=4, L _aL*L*_%YaHJL _[LEkpsJL*_&Y[f/D·E   D E6  D SE   D yE6  Dn{EzE   D pE   D J{E6  D·pE6 
D·hE@fp_ YaHlL_aLEmnkhYaLEs¦_aL;Xr]lm®YuX fp\ kpXaVdKMj8Y[fhY[`ntMkh\4khmnVWXa`cXfp%LE\JL*_[pV¡]J\4tYa`nfp\4khmcXkh\lsfh#kh_[`nkhYa`nfp\lkpm
`n\JL;bq]4khmn`®Y[`L;X*¡TWL*m,kps¨gZfq`\dYL
£WY[L*\lXa`fq\lXfpLEmmn`jJYa`ctfpjxL*_uk#Y[fp_uXkp_aL:kp\lkhmnV8XrL;s¦`n\ D UWE6 Dn{SE  RD·hzE6 fp_
jl_afqJmLEKX9@`®Y[HpLEfpKML
Y[_a`ct*kpm=Xr`n\Jp]lmnkp_a`Ya`nLEXEPjJjJmn`ntEk#Ya`nfp\4X,fh&Xa]ltuHkpXaVWK jJYafhY[`ntkp\lkhmnV8Xr`cXY[f:XrHlkpj4L
fqj8Ya`nKM`;k#Y[`fq\kp_aL p`npLE\`n\ D VUWE6 %D LE6 %D SE6 %D $LE6  D LE 
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, LLEXrY[kpJmn`nXaHY[HJL:t
fq\J`ntEkhm&s8`213L*_[L*\dYa`ckhJ`nmn`®YZVfpXafpmn]8Ya`nfp\4XYafTW`np\Jfq_a`n\J`(jJ_[fpJmnL*K @`YaH _[LEXaj4L;tY Yaf
Y[HJLXrKkpmmjlkp_[kpKML
YaLE_E GHJL¡fpJY[kh`n\JL;s L*£Wj4kh\lXa`fq\fpXafpmn]8Ya`nfp\4XY[f YaHJL¦TW`np\lfp_[`\J`jl_afqJmLEK t*kp\
xL`n\qY[L*_[jJ_[L
YaL;skqX YaHlLN.l_[XrYfp_us8LE_T67#5:(;&8</> ?"?"¦`\ YaHlL:XrjJ`n_[`®YLq 4 fhAD VUWE6TWfl 
Y[HJ`cX @k¨Vp 7@Lt*kh\s8L.l\JLY[HJLY[fpjxfpmnfpp`ct*kpm=s8L*_[`n¨khYa`npL;Xfh@XrfqK LXaHlkpj4L ]J\4tYa`nfp\4khmcX* 4`\lt*m]4s8`\lYaHJL
LE\JL*_[pV:]J\ltY[`fq\lkhm6 8fq_,#kh_[`nkhYa`nfp\lkpmx`n\JL;bq]4khmn`®Y[`L;X*BGffp]l_4L;XZY;GW\Jf@mnLEsJpLYaHJ`cX`cXYaHlLA.l_[XrY,_[LEXa]Jm®Y
`n\ YaHJ`cX,s8`n_aL;tY[`fq\ s8LE_a`npL;s @`YaHJfq]8YPkh\WV:kpX[Xa]JKMj8Ya`nfp\lXfq\Y[HJLXZY[_a`ctY,t*fpKMjJmnL*KML*\dY[kp_a`YZV:t
fq\ls8`Ya`nfp\lX
fq_YaHJL]l\?GW\Jf@\Xafpmn]8Y[`fq\lXYaf YaHlLfplXrY[kqt
mnLjl_afqJmLEKX*
3ï\Mfp_us8LE_FY[f`n\dYa_[f8s8]lt
LY[HJLPTW`np\Jfq_a`n\J`WjJ_[fpJmnL*K `n\
Ωρ
@%L\JLELEsYaHJLl`mn`\lLEkh_fq_aK
a(·, ·) s8L.l\JLEsf#qL*_YaHlL:s8fpKkh`n\ fh`\dYaLEp_uk#Y[`fq\
Ωρ
 FY[HJL:t
fq\WpL
£¦XaL
Y
K(Ωρ) ⊂ H1(Ωρ)
 YaHJLmn`n\JLEkp_ fp_[K
L(·)@Hl`ntuH`nXkpX[Xr]lK L;s YafxL%EL*_[fP`n\!@HlkhYfqmmnf@,X*4,Lkh_[LBqfp`n\JY[fs8L.l\JL%YaHJL#kh_[`nkhYa`nfp\lkpmp`n\JLEbd]lkpm`YZV
f#qL*_YaHlL,Xrjlkqt
L
H1(Ωρ)
 @HlL*_[L
Ωρ = Ω\B(ρ)
 @`®Y[H YaHJL,XaKkhmnm8lkhmnm
B(ρ) = {x ∈ IR2|‖x−O‖ <
ρ} L
£Jt
mn]ls8L;s_afqK Ω  dHJL*_[LYaHJL,fq_a`np`n\ O `nX&YaHJLt
L*\dY[_aLfh3Y[HJL,lkpmm6(T8fl hY[HJL,#kh_[`ck#Ya`nfp\4khmW`\lLEbd]lkhmn`YZV_[LEkqsJX
`n\ls
u(Ωρ) ∈ K(Ωρ) = {v ∈ H1(Ωρ)|v = g on Γ0v ≥ 0 on Γs}
Xa]ltuH¦YaHlkhY
a(u, v − u) ≥
L(v − u) fq_,khmnm v ∈ K(Ωρ) GHlL]J\J`cbd]JLXafpmn]8Ya`nfp\
u(Ωρ)
fpY[HJL#kh_[`ck#Ya`nfp\4khm`n\JLEbd]lkpm`YZVsJL*jxL*\lsJXPfp\¡Y[HJLXaKkhmnm=jlkh_ukhKML*YaL*_
ρ

3ï\¦fp_us8L*_Y[f kp\lkhmnV8XrL Y[HJL sJL*jxL*\ls8LE\lt
Lfh@Y[HJLXafpmn]8Ya`nfp\
u(Ωρ)
fp\
ρ
@Ljl_af8t
LELEs¡`n\YaHlLfpmnmnf@`\J
@k¨Vp(GHJLJ`nmn`\JL;kh_fq_aK
a(u, v) =
∫
Ωρ
∇u · ∇vdx
  Î] ÉÉÂÂ
L   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[
sJL .l\JL;sMfp\ YaHlL,#kh_[`nkpJmLqL*fpKML*Ya_[`ntEkhmJs8fqKMkp`\
Ωρ
`nX&m`n\JLEkp_a`n*L;s ]lXr`n\J Y[HJLPkpXaVWKMj8YafpYa`ctL
£8jlkh\4Xr`nfp\lX
Y[LEtuHJ\l`nbd]JL fp_YaHJL¡LE\JL*_[pV ]J\lt
Ya`nfp\lkpmnXE GHJLm`n\JL;kh_[`ELEsJ`nmn`\JL;kh_ fp_[K `cX sJL*\JfpYaLEs WV
a(ρ; ·, ·)kp\lst
fp\dYukh`n\lX`\Y @fs8`KMLE\lXr`nfp\4XYaHJL Y[L*_[K"fh(fp_us8LE_EL*_[f)@`YaH_[LEXajxLEtYY[f
ρ
kp\ls YaHJLA.4_[XrYfp_us8L*_
jxL*_aYa]l_alkhYa`nfp\s8L*jxL*\lsJ`\J fp\
ρ2
[3ï\¡T8LEtY[`fq\¡J{PYaHJLfqmmnf@`\lJ`nm`n\JL;kh_fp_[K `nX`cs8LE\qY[`0.4LEskpX%YaHJL
.4_[XrYfp_us8L*_jxL*_aYa]J_[lk#Y[`fq\
b(w, v) = − 1
πR6
∫
ΓR
wx1 ds
∫
ΓR
vx1 ds−
1
πR6
∫
ΓR
wx2 ds
∫
ΓR
vx2 ds .
GHlL l`mn`\lLEkh_fq_aK
b(w, v)
`nXt*fp\dYa`n\W]Jfp]4Xfq\¦Y[HJLXrj4kpt
L
H1(Ω)
 %@HJLE_aL
ΓR = ∂B(R)
 kp\lsY[HJL
4khmnm
B(R) ⊂ Ω ,GHW]lX* lYaHJLJ`mn`n\JLEkp_,fp_[K a(·, ·) `nXP_aLEjJmnkqt
L;s `n\¡YaHlL#kh_[`nkhYa`nfp\lkpm`\lLEbd]lkhmn`YZV f#qL*_
Ω
WV:YaHlL`\dYaLEp_ukhm3L
£8jJ_[LEX[Xa`fq\= 8s8L*jxL*\lsJ`\Jfq\JmnV:fp\
ρ
kpXkMXaKMkpmmj4kh_ukhKML
Y[L*_; 
a(ρ;w, v) =
∫
Ω
∇w · ∇vdx + ρ2b(w, v) ,   S
a(ρ;w, v)
`nX:sJL .l\JL;s f#pLE_Y[HJL¦s8fqKkh`n\ fp`n\dYaLEp_uk#Ya`nfp\
Ω ⊂ IR2 @`YaH YaHlL¦XrKMfWfhY[H 4fq]J\lsJkp_aV
∂Ω = Γ0 ∪ Γs
 ?@`YaH
w, v
`\YaHlLL*\JLE_aqV:Xrjlkqt
L
H1(Ω)
J,Ls8LE\JfhY[L
H1Γ0(Ω) = {v ∈ H1(Ω)|v = 0 on Γ0}
kp\lsM\JfpYaLY[Hlk#Y {K(Ω)−K(Ω)} ⊂ H1Γ0(Ω)
 dHlf@%LEpL*_
K(Ω) ⊂ H1(Ω)  d\JL*qL*_aYaHJLEmL;XaX&YaHJL,Y[kh\lpL*\dYt*fp\JL
TK(v) ⊂ H1Γ0(Ω)
fp_,kpmm
v ∈ K(Ω) GHW]lXE WYaHlL Xa`n\Jp]Jmckh_jxL*_aYa]J_[lk#Y[`fq\ fpFY[HJL pL*fqKML
Ya_[`ct*khm3s8fqKMkp`\
Ωρ
`cX_aLEjJmnkqt
L;s:`n\Y[HJL#kh_[`nkhYa`nfp\lkpm
`n\JL;bq]4khmn`®YZV]J\4s8L*_t
fq\lXa`ns8LE_[khYa`nfp\lXPWV¡YaHJL 
#	672,jxL*_aYa]l_alkhYa`nfp\fh&Y[HJLMJ`mn`n\JLEkp_fq_aK¡ lfp_ Xr]4tuH
_[L*q]Jmckh_PjxL*_aYa]l_alkhYa`nfp\¦YaHJLMXZYukh\lslkh_usXrLE\lXa`®Y[`W`YZVkh\lkpmV8Xa`nXfhB#kp_a`ck#Y[`fq\lkhm`\JL;bd]lkhmn`®Y[`L;Xf#pL*_j4fqmVd¢
HlLEs8_[`nt XaL
Y[X `n\P`n_a`ctuHJmnL
YXajlkpt*LEX khjJjlm`nLEX   XrLEL Lq 4 JD l{E6 JD{¨FE  kp\lsY[HJLN.l_uXZY fp_us8LE_L*£8jlkh\lXa`nfp\¦fpY[HJLXafpmn]8Ya`nfp\ @`YaH_[LEXaj4L;tYYafMY[HJLXaKkhmnm=jlkh_ukhKML*YaL*_`cXfq8Y[kp`\JL;sJ, L_[L
L*_,YaHJL_[LEkqs8L*_Y[f D yE=fp_
Y[HJLs8`n_aL;tY,kpXaVWKMj8YafpYa`ctkp\lkhmnV8Xr`cXfhYaHJLLE\JL*_[pVM]l\ltY[`fq\lkhmfq_YaHJLT8`q\Jfp_[`\l`xjl_afqJmLEK¡
, LXaHJf@ YaHlkhY,fp_
ρ
XaKMkpmmFL*\Jfq]JpH= 4J`nm`n\JLEkp_fp_[K   S`nXPL*mnm`nj8Ya`cbd]JL   t
fWL*_ut
`npLfp\YaHlLXajlkpt*L
H1Γ0(Ω)
BGf YaHJ`cXLE\lsH@%L fp4XrLE_aqLPY[Hlk#Y
ρ2
πR6
[
(∫
ΓR
wx1 ds
)2
+
(∫
ΓR
wx2 ds
)2
]
≤ ρ
2
πR6
∫
ΓR
w2 ds
∫
ΓR
(x21 + x
2
2) ds =  
y
=
2ρ2
R3
∫
ΓR
w2 ds ≤ C(Ω)2ρ
2
R3
∫
Ω
‖∇w‖2 dx
HlL*\lt*L
a(ρ;w,w) ≥
(
1 − C(Ω)2ρ
2
R3
) ∫
Ω
‖∇w‖2 dx ≥ 1
2
∫
Ω
‖∇w‖2 dx
fq_
ρ ∈
[
0, 12
√
R3
C(Ω)
]   @HJ`ctuH t*fpKMjJmnL
Y[LEXYaHJLMjJ_[fWfhBfp&YaHlLMt*fWL*_ut
`Ya`nd`YZVpGHJL*_[L
fq_aLq 3fp_
ρ
Xa]7M ¢
t*`LE\dYamnVXaKMkpmm@%LPtEkh\t
fq\lXa`ns8LE_(YaHJLP¨kp_a`ck#Y[`fq\lkhm8`n\JL;bq]4khmn`®YZV)@`®Y[HMYaHJL,l`mn`\lLEkh_&fp_[K
a(ρ;w, v)
f#qL*_
Íé =Í 
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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 !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 %&
$'  () z
Y[HJLt
fq\WpL
£XaL
Y    L
Y
uρ
s8L*\lfhYaL;XYaHJL]l\J`nbd]JLXafpmn]8Y[`fq\ fpY[HJL fpmnmf@`n\J #kh_[`nkhYa`nfp\lkpmx`n\JL;bq]4khmn`®YZV
uρ ∈ K : a(ρ;w, v − w) ≥ 0 ∀v ∈ K .   } 
  W     
ρ
6Q"< :Y(T J 
  
? 2" 	 > ?"?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H 
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 67<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uρ

 
 <#N 
?9
(N#
ρ
R
0+

uρ = u+ ρ
2q + o(ρ2) ,   U 
 
 P 
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
q
 A 
A067"
u = u(Ω)
8N 
?  &0	" "&&
$' 2(  
	 " ' :T 
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  
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 6 :
q ∈ SK(u) = {v ∈ H1Γ0(Ω)|v ≥ 0 on Ξ(u) , a(u, v) = 0}  
L 
a(q, v − q) + b(u, v − q) ≥ 0 ∀v ∈ SK(u) .   z 
  
 "&"&H
Ξ(u) = {x ∈ Γs|u(x) = 0}
  J $J"& 	
	= H": 67"&"
u ∈
H1(Ω)
R"&
u ∈ K ⊂ V = H1(Ω)  P 
?   67<"  A 
 "&4" 60:   ρ = 0 
  =GHJL_aL;Xr]lm®Yfpmnmnf@,XdV kh\khlXrYa_ukpt
Y_[LEXa]JmY,fp\ YaHJLsJ`013L*_[L*\dYa`ckhl`mn`®YZV fhK L*Ya_[`nt jl_afpgZLEtY[`fq\
fq\dYafYaHJLjxfpmnVWHJLEs8_[`ctt*fp\WpL*£ XrL*Y:`\`_[`ntuHlmL*YXrjlkqt
Lq GfkhjJjlmVY[HJL_[LEXa]Jm®YMfq_MYaHJL¦TW`np\lfp_[`\J`
jl_afqJmLEK @LHlk¨qLYaf qL*_[`®V YaHlkhYY[HJLXaL
Y
K
XakhYa`cXZV jJ_[fpjxL*_aYZV   {; :p`npL*\ xL*mnf@ `_uXZY; 9@%L`n\dYa_[f8s8]lt
LY[HJL\JfhYuk#Y[`fq\=`qL*\
u0 ∈ K
@%Ls8L.l\JL
CK(u0) = {v ∈ V ; ∃t > 0
Xr]4tuH Y[Hlk#Y
u0 + tv ∈ K},   {E 
TK(u0) = CK(u0) .   {p{ 
TK(u0)
`cXt*kpmmnLEsYaHJL Yukh\JqL*\dY,t
fq\JLPY[f
K ⊂ V k#Y u0 ∈ K Jfq_%Y[HJLt
fq\WpL
£XaL
YuX @`®Y[H¡]J\J`nmnkhYaL*_ukhmt*fp\lXrYa_ukh`n\dY[X`n\]J\4tYa`nfp\Xrjlkqt
L;X* lYaHJLY[kh\lpL*\dYPt*fp\JL;XPkh_[Ls8L*YaLE_aKM`n\JLEs¡`n\ D J{E PGHJL Xrjlkqt
L
H1(Ω)`cXk `n_a`ctuHJmnL
YXrjlkqt
Lq Wkp\lsY[HJL Xrfp¢ tEkhmnmL;s:t*kpjlkpt*`®YZVt*kp\xL`n\dYa_[f8s8]lt
L;s:`n\Xa]ltuHkXajlkpt*LpI,f@L*qL*_; 
@L,kh_[Lpfq`\JY[fs8L .l\lLPkhmnm8\JLEt*LEX[Xakp_aVfp8gZL;tY[X @`®Y[HJfp]8Y&_[L
LE_a_[`n\JYaf YaHlLPt*kpjlkpt*`®YZVfp3XaL
YuX* Jfq_Bkh\WV
jxfqXa`Ya`npLKMLEkqXr]J_[L
µ
fh .l\l`®Y[L,L*\JLE_aqV5D J{E3mn`W`n\Jfp\MY[HJLt*fp`n\lt
`cs8L*\4t
L,XaL
Y
Ξ = {x ∈ Γs|u0(x) = 0}@L `\dY[_af8s8]lt*LYaHJLt*fp\JL
O(µ) = µ⊥ = {v ∈ H1Γ0(Ω)|〈µ, v〉 = µ[v] =
∫
v dµ = 0}
3 Y`nXXaHJf@\`\ D l{EY[Hlk#Y`\YaHJLP`n_[`ntuHJmnL
YXrjlkqt
Lq @HJ`ctuH¦kpjJjJmn`L;XYafYaHJLMTWfpxfpmnL*Xajlkpt*L
H1Γ0(Ω)
 
Y[HJLfpmnf@`\J t
fq\ls8`Ya`nfp\:`cXXakhYa`cX .lL;sfq_kpmm
u0 ∈ K
kh\ls khmnmxjxfqXa`Ya`npLPKML;kpXa]J_aL;X
µ
fh .l\l`®Y[LLE\JL*_[pV
mn`nd`n\JMfp\
Ξ
 
TK(u0) ∩ O(µ) = CK(u0) ∩ O(µ) .   {¨
, Ls8LE\JfhY[L
u0 = u(Ω)
kp\ls¡s8L .l\lL YaHJL jxfqXa`®Y[`qLK L;kpXa]J_[L
µ
fh4.l\J`YaLL*\lL*_[pV
〈µ, v〉 =
∫
Ω
∇u0 · ∇vdx .
  Î] ÉÉÂÂ
{;   2[	XF
[
GHW]lXE JkhjljJmVW`n\J YaHJL_[LEXa]JmY[XfpRD J{ E @L Hlk¨pL
SK(u0) = TK(u0) ∩ O(µ) = {v ∈ H1Γ0(Ω)|v ≥ 0 on Ξ(u) , a(u0, v) = 0}
T8`\lt*LYaHJLt
fq\WpL
£XaL
Y
K ⊂ H(Ω) `cX(jxfpmnVdHlLEs8_[`ntp #YaHlL IkpsJkpKkh_uss8`21xLE_aLE\dYa`ckhmWfhxK L*Ya_[`ntjJ_[fhgZL;tY[`fq\khY
u0 ∈ K
`\¡Y[HJLXajlkpt*L
H1(Ω)
`nXq`qL*\¡WV:Y[HJLKML
Y[_a`ct jJ_[fhgZLEt
Ya`nfp\¡fp\dY[fY[HJLt*fp\JL SK(u0) ,LtEkh\]4XrLMkh\ khlXrYa_ukpt
YP_aL;Xr]lm®Y p`npLE\WVGHJL*fq_aLEK :jJ_[f#pLEs¡`n\ DD qE  =GHJLEfp_[L*K Sln{S4 3TWL;tY[`fq\YSl·E
fq_BY[HJLXrLE\lXa`®Y[`W`YZVMkp\lkhmnV8Xr`cX%fhXafpmn]8Ya`nfp\4X&Y[f#kh_[`ck#Ya`nfp\4khmx`\JL;bd]lkhmn`®Y[`L;X*@GHJLEfp_[L*K'`cX]lXaLEsfq_   } @`YaH
t = ρ2
kh\4s
at(·, ·) = a(ρ; ·, ·)
GHJLKkpjJjJ`n\J
Π
`\   {E} P`cXt*fp\J`ct*kpmmnVsJ`013L*_[L*\dYa`ckhlmLq &@`YaHY[HJLs8`21xLE_aLE\dYa`ckhm
Π′h
q`qL*\dV:YaHJL]J\l`nbd]JLXafpmn]8Ya`nfp\ Yaf Y[HJL#kh_[`nkhYa`nfp\lkpmx`n\JL;bq]4khmn`®YZV
Π′h ∈ SK(u0) : a(Π′h, v − Π′h) ≥ 〈h, v − Π′h〉 ∀v ∈ SK(u0) ,
kp\ls @`YaH 〈A′w, v〉 = b(w, v) fp_khmnm w, v ∈ V  J]J_aYaHJLE_aKMfq_aLq  @%LHlk¨qL ft = 0 QI,LE\lt
LkhmnmkqXaXa]JKMj8Y[`fq\lXfh&GHJLEfp_[L*K Mkp_aL pLE_a`2.lL;skp\lsWV   {WL @`YaH   {Ez* 8fq_YaHJL¨kp_a`ck#Y[`fq\lkhm3`n\JLEbd]lkpm`YZV
  } 
 8YaHJLL*£8jlkh\lXa`nfp\   U %fqmmnf@,X*@GHJ`cXt
fqKMjJmL*YaL;XYaHJLjJ_[fWfhZlfp_YaHJLMt
fq\dqL*\J`nL*\4t
Lfp&YaHlL_[LEkqs8L*_=@%L_aL;t*khmnmHJL*_[LY[HJL kplXrYa_ukptY_aL;Xr]lm®YC@HJ`ntuH`nXk pL*\lL*_ukhm¢
`nEkhYa`nfp\fhYaHJL`nKMjJm`ct
`YaL]J\ltY[`fq\YaHJLEfp_[L*K fq_¨kp_a`ck#Y[`fq\lkhm3`n\JLEbd]lkpm`Ya`nLEXE
 L
Y
K ⊂ V 4Lkt*fp\WpL*£kh\ls¡t
mnfqXaLEs¡Xa]JlXaL
Yfh@kTI,`nmn4LE_rYXajlkqt
L V  lkp\lsmL*Y 〈·, ·〉 s8LE\JfhY[L YaHJLsJ]lkhmn`®YZVjlkh`n_a`n\JMxL
Y @L*L*\
V ′
kh\ls
V
 ?@HlL*_[L
V ′
s8LE\JfhY[LEXYaHlLs8]lkhmfp
V

, LXrHlkpmm=t*fp\lXa`cs8L*_%YaHJLfqmmnf@`\låkpK `nmnV:fhF#kp_a`ck#Y[`fq\lkhmx`\lLEbd]lkhmn`Ya`nLEXs8LEj4LE\ls8`n\JMfp\ kjlkp_[kpK¢
L*YaLE_
t ∈ [0, δ)   δ > 0  
yt ∈ K : at(yt, ϕ− yt) ≥ 〈ft, ϕ− yt〉 ∀ϕ ∈ K .   {; 
Qfp_[L*f#pLE_E dmnL
Y
yt = Pt(ft)
xLkMXrfqm]JYa`nfp\Yaf   {E
  L*Y,]lX\JfpYaLp JYaHlkhYfp_ ft = 0 kp\ls yt = Pt(0)@L fp8Yukh`n\
y′ = Π′(−A′y0)
`n\   {Ez@Hl`ntuH`nXYaHJLtEkpXaLPfq_   } *
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 ( at(·, ·) : V × V → IR
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t ∈ [0, δ)     At ∈ L(V ;V ′)
'  
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at(φ, ϕ) = 〈Atφ, ϕ〉 ∀φ, ϕ ∈ V 
  C6FN 
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 A′ ∈ L(V ;V ′) 6 
H 

At = A0 + tA′ + o(t)
" L(V ;V ′) .   {S
   t > 0, t
(NX"&6	 
 R 
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ft = f0 + tf
′ + o(t)
"
V ′,   {;y
 
?

ft, f0, f
′ ∈ V ′
 K ⊂ V  !"> " 5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Πf = P0(f) ∈ K : a0(Πf, ϕ − Πf) ≥ 〈f, ϕ− Πf〉 ∀ϕ ∈ K   {;} 
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∀h ∈ V ′ : Π(f0 + εh) = Πf0 + εΠ′h+ o(ε)
"
V   {U 
 
ε > 0, ε
(N7"&6	
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Π′ : V ′ → V  9"<"66 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<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o(ε)
 P67"  (   
 
< #
h ∈ V ′ R" 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t

t = 0
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  [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t > 0, t
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yt = y0 + ty
′ + o(t)
"
V,   {FL 
 
 
y′ = Π′(f ′ −A′y0) .   {Ez 
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a(ρ; v, v) =
∫
Ω
‖∇v‖2 dx− πρ2 ev(O)
 
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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ev(O) = |∇v(O)|2
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, LPL;XZYukhJmn`cXrHY[HJL XakpK LP_aL;Xr]JmY%fq\YaHlLt*fp\J`ct*kpm4s8`21xLE_aLE\dYa`ckhJ`nm`YZVMfhFXafpmn]8Ya`nfp\4X@fp_%Y @fs8`nKML*\lXa`fq\lkhm
t*fp\dY[kqtY jJ_[fpJmnL*K `n\ YaHJLML*mckpXrYa`ct
`YZVp),L:t*fp\lXa`cs8L*_YaHlL xfp]l\ls8LEs s8fqKMkp`\
Ω
@`YaHYaHlL4fq]J\lsJkp_aV
∂Ω = Γ0 ∪ Γc
 i\
Γ0
YaHJL s8`nXajJmckpt*L*KML*\dYqLEtY[fp_:fpYaHJL¦L*mckpXrYa`ct4f8s8V `cXq`qL*\= fq\
Γc
YaHJL
_[`ctYa`nfp\lmL;XaXt
fp\dYukptY t
fq\ls8`Ya`nfp\lXkh_[LjJ_[LEX[t
_[`xLEs=Gf Xaj4L;t
`VYaHJL @%LELGfp_[K]lmnkhYa`nfp\ @L\JLELEskp\
L*£8jJ_aL;XaXa`nfp\:fq_YaHJLXaVWKMK L*Ya_[`ntJ`nmn`\JL;kh_fq_aK"kp\ls fp_Y[HJLt
fp\WqL
£ XaL
Y
K ⊂ H1(Ω)2 GHJLKML
Y[HJf8sfpxkp\lkhmnV8Xr`cXF`cXYaHlLX[khKMLkpX`n\Y[HJLt*kpXaLfh3T8`q\Jfp_[`\l`djl_afqJmLEK¡%, LXrY[kp_rY[@`YaH YaHJL
fq_aK]Jmck#Ya`nfp\fhlY[HJL_aLEL4fq]J\lsJkp_aV jJ_[fpJmnL*K `\ ]J\JjxL*_aYa]J_[xLEs s8fpKkh`n\
Ω
(GHJLfp_[Kvfhx#kh_[`nkhYa`nfp\lkpm
`n\JL;bq]4khmn`®YZV:`cXXrYa_ukh`npHdYrfq_
@kh_us
  Elh      
Ω
`n\ls
u = u(Ω) = (u1, u2)
kh\4s
σ = (σ)ij
 
i, j = 1, 2
 JXa]ltuHY[Hlk#Y
−  σ = f `\ Ω ,   h 
Cσ − ε(u) = 0 `n\ Ω ,   8{ 
u = 0
fq\
Γ0 ,   p
uν ≥ 0, σν ≤ 0, σνuν = 0 στ = 0
fp\
Γc .   h 
IPL*_[L
σν = σijνjνi, στ = σν − σν =
{
σiτ
}2
i=1
, σν = {σijνj}2i=1 ,
εij(

) =
1
2
(ui,j + uj,i), i, j = 1, 2, ε(

) = (εij)
2
i,j=1,
{Cσ}ij = cijk`σk`, cijk` = cjik` = ck`ij , cijk` ∈ L∞(Ω).
  Î] ÉÉÂÂ
{¨   2[	XF
[
GHlLAIPfWfGpL  XY[L*\lXafp_
C
XakhYa`cX .4LEXYaHlLL*mnm`nj8Ya`ct
`YZV t*fp\lsJ`®Y[`fq\
cijk`ξjiξk` ≥ c0|ξ|2, ∀ξji = ξij , c0 > 0,   S
kp\ls/@%L Hlk¨qL]4XrL;s:Y[HJLXr]lK KkhYa`nfp\¡t
fp\WqL*\dYa`nfp\f#pLE_%_[L*jxLEkhYaLEs `n\ls8`ct
LEXE
, HJLE\ YaHJLYafqj4fqmfqpVfp
Ω
`cX@tuHlkp\JpL;s @%LHlk¨qLBY[HJLfpmnmf@`n\J t
fp\dYukptY(jJ_[fpJmnL*K `\YaHJLs8fqKkh`n\
Ωρ
@`®Y[H Y[HJLXaKMkpmmHlfpmnL
B(ρ)

   Elh      
Ωρ`n\ls
u = u(Ωρ) = (u1, u2)
kh\ls
σ = (σ)ij
 
i, j = 1, 2
 JXr]4tuHY[Hlk#Y
−  σ = f `\ Ωρ ,   py
Cσ − ε(u) = 0 `n\ Ωρ ,   h} 
u = 0
fq\
Γ0 ,   $U 
σν = 0
fq\
Γρ ,   L 
uν ≥ 0, σν ≤ 0, σνuν = 0 στ = 0
fp\
Γc .   hz 
, LBkqXaXa]JKMLfp_FXa`KMjJmn`ct
`YZVPY[Hlk#Y=Y[HJLBtEkpXaLfp8`nXafhY[_afqjJ`ntLEmnkqXZY[`nt*`®YZV`nXt
fp\4Xr`cs8L*_[LEs= 
YaHW]lXYaHJLBXaVWKMK L*Ya_[`nt
l`mn`\lLEkh_fq_aK kpX[Xrf8t
`ck#Y[LEs5@`®Y[H Y[HJLxfp]J\lslkh_[V:#khmn]JL jJ_afqJmnL*K   h ï¢   h`cXp`npLE\ WV
a(u,u) =
∫
Ω
[
(λ+ µ)(ε11 + ε22)
2 + µ(ε11 − ε22)2 + µγ212
]
,   p 
@HlL*_[LY[HJL\JfpY[k#Y[`fq\fq_`nXafhY[_afqjJ`ctPLEmnkqXZY[`nt*`®YZV:`cX.J£8LEs`n\TWLEt
Ya`nfp\¡J
GHJLMjJ_[fplmLEK   qy ï¢   pz`nXkpjJjJ_[f¨£8`Kk#Y[LEsWVY[HJLjJ_[fpJmnL*K @`YaH KMf8s8`2.lLEsJ`nm`n\JLEkp_ fp_[K `n\Y[HJL fpmnmnf@`\J @k¨Vp
       8       EJp     
Ωρ, Ls8L*YaL*_[KM`\lL Y[HJLKMf8s8`0.4LEs J`nm`n\JLEkp_ fp_[K kpXk Xa]JK fpPY @fY[L*_[KX* kpXM`Y:`nX fq_MYaHJLLE\JL*_[pV
]l\ltY[`fq\lkhm6 YaHlL).4_[XrYY[L*_[K s8L .4\JLEXY[HJLML*mckpXrYa`ctLE\JL*_[pV`n\Y[HJLs8fpKkh`n\
Ω
 3YaHJLXaLEt
fq\lsY[L*_[K `cXk
t*fp_[_aL;tY[`fq\¡YaL*_[K¡ =s8L
Y[L*_[KM`\JL;s`n\ TWL;tY[`fq\J SWV¡fq_aK]Jmnk   {;J{ *GHJL t*fp_[_aL;tY[`fq\¡YaL*_[K `cXbd]J`YaLt*fpKMjJmn`ntEk#Y[LEs Yaf¦L*#khmn]lk#Y[Lp (kh\ls @Ls8f¦\JfhYjl_af#W`cs8L`®YuXL*£Wjlm`ct
`Yfq_aK¡ (Xr]ltuH kfp_[K `cXkqtYa]4khmnmV
sJL .l\JL;sWV YaHJLfp_[K]JmckhLP`\¡TWLEt
Ya`nfp\8&GHlLP#khmn]JLEX%fhY[HJL XrVWKMKML
Ya_[`ct,J`nm`n\JL;kh_&fq_aK
a(ρ; ·, ·) kp_aLq`qL*\ dVYaHJLL*£8jJ_aL;XaXa`nfp\
a(ρ;v,v) = a(u,u) + ρ2b(v,v) .   l{ GHlLs8LE_a`n#k#Ya`npL
b(v,v)
fh@Y[HJLl`mn`\lLEkh_fp_[K
a(ρ;v,v)
@`YaH_aL;XrjxLEt
YPY[f
ρ2
k#Y
ρ = 0+
`cXp`npL*\
WVY[HJLL
£8jJ_[LEX[Xa`fq\
b(v,v) = −2πev(0) −
2πµ
λ+ 3µ
(
σIIδ1 − σ12δ2
)
,   q
@HlL*_[L khmnm%YaHJLbq]4kh\dYa`Ya`nLEX kh_[LLE¨kpm]4k#YaL;s fp_YaHlL s8`cXrjlmnkqt
L*KMLE\qY).lL*mcs
v
kptEt
fp_us8`n\JY[ffp_[K]lmnkpL
  U#
    US    U#}*    {;J{ *    zd  @LjJ_[f#W`nsJLYaHJL m`n\JL `\dYaLEp_ukhmcX @HJ`ctuH s8L.l\JL;XkpmmBYaL*_[KX`n\   qxL*mnf@
IPL*\lt*Lp ?@Lt*kp\s8L*YaLE_aKM`n\JLYaHJLJ`nmn`\JL;kh_fq_aK
a(ρ;v,w)
fp_,kpmm
v,w
 8_[fpK"YaHJLL;bd]lkhmn`®YZV
2a(ρ;v,w) = a(ρ;v + w,v + w) − a(ρ;w,w) .
Íé 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 {;
3ï\Y[HJLXakpK LA@k¨VYaHlLJ`mn`n\JLEkp_fp_[K
b(v,w)
`cXs8L
Y[L*_[K `n\JL;s_[fpK'YaHJL fq_aK]Jmnkfp_
b(v,v)

GHlL t*fp\WpL*£XrL*Y,`nXsJL .l\JL;s`\YaHl`nX,tEkpXaL dV
K = {v ∈ H1(Ω)2|vν ≥ 0 on Γc , v = g on Γ0} .   p 
 L
YP]4X,t
fq\lXr`cs8LE_YaHJLfpmnmf@`n\J#kh_[`nkhYa`nfp\lkpm`\lLEbd]lkhmn`YZV5@HJ`ctuHjJ_[f#d`cs8L;Xk:Xr]?Mt*`LE\dYamnV jJ_[LEt*`nXaLfp_
fq]J_jJ]J_[jxfqXaLEXkhjJjl_af¨£8`nKMkhYa`nfp\
uρ
fpY[HJLXafpmn]8Ya`nfp\
u(Ωρ)
Y[f:t
fq\qYukpt
Yjl_afqJmLEK   qy  ¢   pz* 
uρ ∈ K : a(ρ;u,v − u) ≥ L(ρ;v − u) ∀v ∈ K .   S
GHlL_[LEXa]JmYfp8Yukh`n\JLEs`nXY[HJL fpmnmf@`n\J4 qfq_Xr`nKMjJm`ct
`YZV @LkpX[Xr]JKMLYaHlkhYYaHJL mn`\lLEkh_fq_aK
L(ρ; ·) `cX`n\ls8LEj4LE\ls8LE\qY,fp
ρ

  W       
ρ
6Q"< :P(N J 
?= 
?X "V	 > ?"?"  ; 
9067"
uρ
 

<J8T 
?9
(N#
ρ

0+

uρ = u(Ω) + ρ
2q + o(ρ2) in H1(Ω)2 ,   qy
 
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%$ 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q
 = 
=  67<"
u(Ω)
#) 
?P"#$ & 
'2(  	"Y' :  
?
67"  6P 67<"  P 
?J 2 "V	 "&4"&6 <:
q ∈ SK(u) = {v ∈ (H1Γ0(Ω))
2|vν ≤ 0 on Ξ(u) , a(0;u,v) = 0}   q} 
a(0;q,v − q) + b(u,v − q) ≥ 0 ∀v ∈ SK(u) .    U 
  
H"&"&/ 
Ξ(u) = {x ∈ Γs|u(x).ν(x) = 0}
  J 9  "  	  	   /":!67"  <"
u ∈ H1(Ω)2 R"& u ∈ K    
?A 67"  P<" X"& 6 <:   pJ  ρ = 0 
GHlLjl_afWfhfh@GHJL*fq_aLEK" `nXXa`nK `nmckh_Yaf Y[HJLjJ_[fhfp(GHlL*fp_[L*KS{h lkh\4s:Y[HJL*_[L
fq_aL `cXfpKM`®YaYaL;s
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? ‖u(Ωρ) − uρ‖ = o(ρ2) "B 
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 
 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J 0	 
 8O<?$  /
    
?/
$58 	 =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?
uρ
 525#
u(Ωρ)
"  
?
F"<:/ 
Bρ
  
 
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 ! 
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lfp_MYaHlL¦t
fq\dqL*\J`nL*\4t
LfhYaHJL_[LEkqs8L*_N@LjJ_af#W`cs8L YaHJLL*£Wjlm`ct
`YaL¡fq_aK]JmnkpLfp_MYaHlL¡YaL*_[KX`n\
b(v,v)
s8L .4\JLEsWV   q  ?@L _aL*L*_YafXaLEt
Ya`nfp\¡J fq_,s8L
Yukh`nmnXE, LH4k¨pL
2πev(0) =
π(λ + µ)
π2R6
(∫
ΓR
(v1x1 + v2x2) ds
)2
+   L 
+
µ
π2R6
(∫
ΓR
(
(1 − 9k)(v1x1 − v2x2) +
12k
R2
(v1x
3
1 − v2x32)
]
ds
)2
+
+
µ
π2R6
(∫
ΓR
[
(1 + 9k)(v1x2 + v2x1) −
12k
R2
(v1x
3
2 + v2x
3
1)
]
ds
)2
,
  Î] ÉÉÂÂ
{WS   2[	XF
[
@`YaH
σII =
µ
πR3
∫
ΓR
[
(1 − 9k)(v1x1 − v2x2) +
12k
R2
(v1x
3
1 − v2x32)
]
ds,
σ12 =
µ
πR3
∫
ΓR
[
(1 + 9k)(v1x2 + v2x1) −
12k
R2
(v1x
3
2 + v2x
3
1)
]
ds,
kp\ls
δ1 =
9k
πR3
∫
ΓR
[
(v1x1 − v2x2) −
4
3R2
(v1x
3
1 − v2x32)
]
ds,
δ2 =
9k
πR3
∫
ΓR
[
(v1x2 + v2x1) −
4
3R2
(v1x
3
2 + v2x
3
1)
]
ds.
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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 L
Y]lX,t*fp\lXa`cs8L*_YaHlLJ]JmGL*\lL*_[pV]J\4tYa`nfp\4khmfhYaHlL fp_[K
E(u) =
1
2
∫
Ω
‖∇u‖2 dx,   qz 
@HlL*_[L
u
X[k#Y[`nX .lL;X`\lXa`cs8LYaHJLs8fqKkh`n\
Ω ⊂ IR2 YaHJL  khjJmckpt*L LEbd]lk#Y[`fq\
∆u = 0   Sd 
@`YaHXr]J`Y[kpJmnL4fq]J\lsJkp_aV¡t
fq\ls8`Ya`nfp\lXEPi]J_Pqfqkpm=`nXPYaf XZY[]ls8VYaHJL`\7-4]JL*\lt*LfpY[HJLXaKkhmnmt*`_ut
]Jmckh_
HlfpmnL:fhYaHlL#kh_[`nkpJmnL:_[kqs8`n]lX
ρ
t
fp\dYukh`n\JLEs `n\YaHJLs8fpKkp`\= fq_Xr`nKMjJmn`nt*`®YZV @%LjJ]8YM`®YuXt
LE\dYaL*_ k#Y
x = 0
 @%L:sJf\JfhY @kh\dYYafXrYa]4s8V¦#kh_[`ckhJmnL:s8fpKkp`\lXE Xaf @%L`cXafpmck#YaL Y[HJ`nXHJfpmnL`n\lXr`cs8LMY[HJL:_[`\J
C(ρ,R) = { x | ρ < ‖x‖ < R } kh\4s_[L*jJmckpt*L E(u) WV¡YaHJLMLEbd]J`n#khmnL*\dY L
£8jJ_[LEX[Xr`nfp\f#qL*_ ΩR =
Ω \B(R)   @`®Y[H kh\ kpsJs8`Ya`nfp\4khmx4fq]J\lsJkp_aV `\dY[L*p_ukhmlYaLE_aK f#qL*_ ΓR = ∂B(R) Bi\ Γρ = ∂B(ρ) @LkqXaXa]JKML HJfpKMfqpL*\lL*fp]4X%NPL*]JKkh\l\¡t*fp\lsJ`®Y[`fq\lX*
3ï\Y[HJLC.l_[XrYPXrYaL*jH@LK f8s8`V
E(u)
BTW`n\lt
L
∫
Ω
‖∇u‖2 dx =
∫
ΩR
‖∇u‖2 dx+
∫
B(R)
‖∇u‖2 dx =
∫
ΩR
‖∇u‖2 dx+
∫
ΓR
u
∂u
∂n
ds,   S4{ 
@HlL*_[L
n
`cXBYaHJLfp]8Y @kh_us \Jfp_[KkhmlqLEt
Yafp_Bfp\Y[HJLPxfp]J\4sJkh_[Vfp
B(R)
  @LPKk¨V t*fp\lt*L*\dYa_uk#Y[Lfp\Y[HJL
L*£8jJ_aL;XaXa`nfp\
ER(u) =
∫
ΓR
u
∂u
∂n
ds.   SW
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IPL*_[LY[HJL ¨kpm]lLEXfh
∂u/∂n
fp\
ΓR
kp_aLp`npL*\¦dV¡Y[HJL P`n_[`ntuHJmnL
YYaf¡N,LE]JKkh\J\ KkhjJjl`\J4 3\lkhKML*mnV
Y[HJLXafpmn]8Ya`nfp\fh
∆v = 0
`\
B(R), v = u
fp\
ΓR,   Sq WV:KML;kh\lXfpY[HJL_aLEmnkhYa`nfp\
∂u/∂n = ∂v/∂n

GHJL:]J\ltY[`fq\
v
Kk¨V 4L t
fp\4XZY[_a]lt
YaL;sO@`YaH YaHJL:HlL*mnj fhe(fp`cXaXafp\ GpLE_a\lL*m6H3 Y[HJL:jlkp`_
(r, φ)t*fp\lXrYa`Ya]JYaLEXjxfpmckh_,t*fWfp_us8`\4k#YaL;Xkh_[fp]J\ls
0
 WY[HJL*\
v(r, φ) =
1
π
∫ π
−π
u(R,ψ)[
1
2
+
∞
∑
n=1
( r
R
)n
cosn(φ− ψ)] dψ   SS 
fq_,kh\WV
r ≤ R ,LXaHlkpmm=kqXaXa]JKMLfp_,k KMfpKML*\dYYaHlkhY r < R  `21xLE_aLE\qY[`nkhYa`n\J   SSp`npLEX
∂v
∂r
(r, φ) =
1
π
∫ π
−π
u(R,ψ)[
∞
∑
n=1
n
1
R
( r
R
)n−1
cosn(φ− ψ)] dψ
=
1
πr
∫ π
−π
u(R,ψ)[
∞
∑
n=1
n
( r
R
)n
cosn(φ− ψ)] dψ
= − 1
πr
∫ π
−π
u(R,ψ)
∂
∂ψ
[
∞
∑
n=1
( r
R
)n
sinn(φ− ψ)] dψ
=
1
πr
∫ π
−π
∂u
∂ψ
(R,ψ)[
∞
∑
n=1
( r
R
)n
sinn(φ− ψ)] dψ.
  Sdy
, Hl`mnL:`n\qY[L*q_[khYa`n\JWV¦jlkp_rYuX @LHlk¨pL]lXaLEs HlL*_[LMYaHJLt*fp\dYa`n\W]J`YZVfp
u
f#pL*_
ΓR
 ,jJjJmnVW`\lYaHJL
fqmmnf@`n\JY[_a`ctG   fp_ |t| < 1  
∞
∑
n=1
tn sinnα =
1
2i
∞
∑
n=1
[(teiα)n − (te−iα)n]
=
1
2i
[
teiα
1 − teiα −
te−iα
1 − te−iα
]
=
t sinα
1 − 2t cosα+ t2 = H(t, α)
@Lkh_[_a`npL k#Y
∂v
∂r
(r, φ) =
1
πr
∫ π
−π
∂u
∂ψ
(R,ψ)H(
r
R
, φ− ψ) dψ.   Sd} 
, LXaHlkhmnm\JL*L;s¡khmcXrfYaHJL#kpm]JL fp ∇v(0)   L
Y,]4X_aLW@_a`YaL   SSWV:KML;kh\lXfpe(fp`cXaXafp\HGpLE_a\lL*m6 
v(r, φ) =
1
2π
∫ π
−π
u(R,ψ)K(
r
R
, φ− ψ) dψ,   S7U 
@HlL*_[L
K(t, α) =
1 − t2
1 − 2t cosα+ t2 .  
S$L 
  Î] ÉÉÂÂ
{;}   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NPf@
∂v
∂x1
(0) = lim
r→0+
[
∂v
∂r
(r, φ) cosφ− 1
r
∂v
∂φ
(r, φ) sin φ
]
,
∂v
∂x2
(0) = lim
r→0+
[
∂v
∂r
(r, φ) sin φ+
1
r
∂v
∂φ
(r, φ) cosφ
]
,
  Sqz 
kp\ls
lim
r→0+
∂K
∂r
(
r
R
, φ− ψ) = 2
R
cos(φ− ψ),
lim
r→0+
∂K
∂r
(
r
R
, φ− ψ) = − 2
R
sin(φ− ψ).
IPL*\lt*Lp lkhÏYaLE_,s8`013L*_[L*\dY[`nkhYa`n\J   S7U kh\ls¡Xa]JlXrYa`Ya]8Y[`fq\¡`\dYa_[f   Sqz ?@L fp8Yukh`n\Y[HJLA.l\lkpm=_[LEXa]Jm®Y
∂u
∂x1
(0) =
1
πR
∫ π
−π
u(R,ψ) cosψ dψ =
1
πR3
∫
ΓR
ux1 ds,
∂u
∂x2
(0) =
1
πR
∫ π
−π
u(R,ψ) sinψ dψ =
1
πR3
∫
ΓR
ux2 ds.
  yh 
 L
Y,]lX\lf@ _aL*Ya]J_[\Yaf
ER(u)
, Lt
fq\lXa`ns8LE_
Er(u)
q`qL*\ fp_
r < R
kp\ls
Γr = ∂B(r)
WV
Er(u) =
∫
Γr
u
∂u
∂r
ds =
∫ π
−π
u(r, φ)
∂v
∂r
(r, φ)r dφ.   yJ{ 
,ÏYaLE_PXr]llXZY[`®Y[]8Ya`n\J   Sq}
 
Er(u) =
1
π
∫ π
−π
∫ π
−π
u(r, φ)
∂u
∂ψ
(R, φ)H(
r
R
, φ− ψ) dφdψ.   yq
NPf@\@L fplXaL*_[pLYaHlkhY
H
Kk¨V:xLL
£8jJ_[LEX[XaLEskqX
H(t, α) =
1
2
∂
∂α
H0(t, α),   yp 
@HlL*_[L
H0(t, α) = log(1 − 2t cosα+ t2).GHlL*_[L
fp_[L   yp%Ya_ukh\lXrfp_[KXBY[f
Er(u) =
1
2π
∫ π
−π
∫ π
−π
∂u
∂ψ
(R, φ)u(r, φ)
∂
∂φ
H0(
r
R
, φ− ψ) dφdψ,
= − 1
2π
∫ π
−π
∫ π
−π
∂u
∂ψ
(R, φ)
∂u
∂φ
(r, φ)H0(
r
R
, φ− ψ) dφdψ.
  yS
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GHlL]l\ltY[`fq\
H0(1, α)
HlkqXBfq_
α = 0
kh\ `\dY[L*p_ukhlmL Xr`n\Jq]Jmnkp_a`YZVMfhYaHJLYZVWj4L
log |α|  lXaf)@L Kk¨Vj4kpX[XYaf YaHJLmn`nK `Y @`YaH
r → R fp8Yukh`n\J`n\J
ER(u) = −
1
2π
∫ π
−π
∫ π
−π
∂u
∂ψ
(R,ψ)
∂u
∂φ
(R, φ)H0(1, φ− ψ) dφdψ.   ypy 
NPf@ @%L=@kp\dY%Y[fY[kGpL`\dYafMkptEt
fq]J\dYBYaHlL`n\7-l]JLE\lt
LfhY[HJLXrKkpmmxHJfpmnL
B(ρ)
PX[Xa]JKM`\JYaHlL#khmn]JL
fp
u
fq\
ΓR
q`qL*\= `®Y @`nmnmBtuHlkh\lpL YaHJL#kpm]JLfp
∂u/∂n
 3ï\ fq_[s8LE_YafL*#kpm]lkhYaL YaHl`nXtuHlkh\JqL)@L
XaHlkpmm]lXaLYaHJLkqXrVWKMj8Y[fhYa`ctL
£8jlkp\lXr`nfp\¡s8LE_a`npL;s:`n\ D qyE6&NkhKML*mnVp J`
vρ
`nXYaHJLXafpmn]8Ya`nfp\fh
∆vρ = 0
`\
B(R), vρ = u
fq\
ΓR,
∂vρ
∂n
= 0
fp\
Γρ,   yh} 
Y[HJL*\F lkpX[Xr]lK `n\J
ρ < 12R
 ?@L Hlk¨pL
vρ = v + sρ + o(ρ
2),
∂vρ
∂r
=
∂v
∂r
+
∂sρ
∂r
+ o(ρ2),
  y$U 
fq_
r > 12R
 IPL*_[L
sρ =
ρ2
r
(
∂v
∂x1
(0) cosφ+
∂v
∂x2
(0) sinφ
)
,   yL 
kp\lsYaHJLE_aL*fp_[L
∂sρ
∂r
= −ρ
2
r2
(
∂v
∂x1
(0) cosφ+
∂v
∂x2
(0) sinφ
)
.   yhz 
T8]JlXrYa`Ya]8Y[`\JMY[HJ`cX,t
fq_a_[LEt
Ya`nfp\`n\dYaf   yJ{ p`npL;X
δEr(u) = −
ρ2
r2
∫ π
−π
u(r, φ)
[
∂v
∂x1
(0) cosφ+
∂v
∂x2
(0) sinφ
]
r dφ
= −ρ
2
r
[
∂v
∂x1
(0)
∫ π
−π
u(r, φ) cosφ dφ +
∂v
∂x2
(0)
∫ π
−π
u(r, φ) sinφ dφ
]
.
NPf@ jlkpX[Xa`\JYafYaHJLm`nKM`®Y @`YaH
r → R kh\4sMY[kGd`n\J`\dYaf kptEt
fp]l\qY%YaHlkhY u = v  7@LPfq8Y[kp`\`\ d`nL@fp   yh 
δER(u) = −
ρ2
πR6
[
(∫
ΓR
ux1 ds
)2
+
(∫
ΓR
ux2 ds
)2
]
.   }p 
GHl`nXkpmmnf@,X ]lX Y[ft
fq\lXr`cs8LE_ YaHJLfqmmnf@`n\JkhjJjJ_[f¨£8`KkhYa`nfp\=  L
Y
uρ
X[k#Ya`cX .lLEX   Sq `n\lXa`nsJL Ωρ =
Ω \B(ρ) kh\4sYukGqL
E(ρ ;uρ) =
1
2
∫
Ωρ
‖∇uρ‖2 dx.   }l{ 
GHlL*\H@%LKk¨Vt*fp\lXa`nsJL*_
uρ
`\k).J£8LEss8fpKkp`\
ΩR
kp\lskpsJs 4fq]J\lsJkp_aV:YaL*_[KX
E(ρ ;uρ) =
1
2
∫
ΩR
‖∇uρ‖2 dx+
1
2
ER(uρ) +
1
2
δER(uρ) + o(ρ
2).   }q
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GHl`nXKML;kh\lX Y[Hlk#Y`n\ åkpt
Y @%LH4k¨pL Yafs8f @`YaHXafpKMLM]J\lt
Ya`nfp\
wR
 X[k#Y[`nXrVW`\l   Sd `n\ ΩR  Ffp_@Hl`ntuH YaHJLl]Jm2G L*\JLE_aqV`nX,p`npL*\WV
E(ρ ;wR) =
1
2
∫
ΩR
‖∇wR‖2 dx
− 1
4π
∫ π
−π
∫ π
−π
∂wR
∂ψ
(R,ψ)
∂wR
∂φ
(R, φ)H0(1, φ− ψ) dφdψ
− ρ
2
2πR6
[
(∫
ΓR
wRx1 ds
)2
+
(∫
ΓR
wRx2 ds
)2
]
.
  }p 
GHlL.l_uXZY=Y @fY[L*_[KMXFp`npL@L*£8kqtYFL*£8jJ_aL;XaXa`nfp\fp_=Y[HJLB`n\dY[kqtYs8fqKkh`n\
Ω
 ¨kp\lsYaHlL&YaHl`_uskhjJjl_af¨£8`nKMkhYaL;X
Y[HJL`n\7-l]JLE\lt
LfpFYaHlLXrKkhmnmHJfqmLq,mnm=fhYaHJLEK kh_[Lbd]lkps8_uk#Y[`ntPfp_[KXfh
wR

GHJL_[L*jJ_[LEXaL*\dY[khYa`nfp\   }p%khmnf@,X%]lX%YafYa_ukh\lXrfp_[K YaHJLY[kqX GM_[fpK Xafpmnd`n\JYaHJL xfp]J\lslkh_[V #kpm]JLjl_afqJmLEK fp_  khjlmnkqt
LBL;bd]lk#Y[`fq\`n\#kh_[`nkpJmnLBs8fpKkp`\
Ωρ
Y[fPY[HJLXakpK LjJ_[fpJmnL*K `n\Y[HJL.J£8LEss8fqKkh`n\
ΩR
 J]JYC@`YaHL*\JLE_aqV jlkp_[kpKML
Ya_[`n*LEs¡WV
ρ
C3ï\¦åkpt
YE Xr`n\lt*LY[HJL .l_uXrYY[L*_aKX_aLEjJ_[LEXaL*\dYPL*\lL*_[pV fp_
Y[HJLY@HlfpmnLfh
Ω
  @LKk¨V LEpL*\ k¨qfp`cs ]lXr`n\J
ΩR   kh\ls Y[HJL¦_[L*KML;XrHJ`n\Jfp Ω `n\ fq_[s8LE_Yaf pL
YsJ`nX[t
_[L
Y[`;k#Ya`nfp\fh
ΩR

 GHl`nXM_[LEXa]JmY[X _[fpK fp4XrLE_a#k#Y[`fq\ Y[Hlk#Yfp]JY[Xa`ns8L
B(R)
Y[HJL]J\lt
Ya`nfp\
wRt*fp`n\lt
`cs8L;X)@`YaH
w
p`npL*\WV YaHJLXafpmn]8Ya`nfp\fhPY[HJL¡4fq]J\lsJkp_aV#kpm]JLjJ_[fpJmnL*K @`YaH J]JmG LE\JL*_[pV
q`qL*\ dV
E0(ρ ;w) =
1
2
∫
Ω
‖∇w‖2 dx− ρ
2
2πR6
[
(∫
ΓR
wx1 ds
)2
+
(∫
ΓR
wx2 ds
)2
]
.   }S
GHlL @LEkGfp_[K fp%Y[HJ`nXjJ_afqJmnL*K `cX LEkqXr`nmV¦fp8Yukh`n\JLEs WVY[kGW`\J¡#kh_[`ck#Ya`nfp\fh
E0(ρ ;w)
 (kpsJs8`n\J
L*£WYaL*_[\lkpm?@%fq_
Gkh\lsM]lXa`n\J4fq]J\lsJkp_aVMt
fq\ls8`Ya`nfp\lX&fp\
∂Ω
X @L,XrLELp dK f8s8`2.4tEk#Ya`nfp\Mfp3l]Jm2G L*\lL*_[pV
kqt*t*fp]J\dY[X,Yaf `\dYa_[f8s8]lt*`\JXrfq]J_ut
LY[L*_[K$t*fp\lt*L*\dYa_uk#Y[LEs¡fq\YaHJL).J£8LEs¦t
`n_[t*mL
ΓR
kh\lsjlkh_ukhKML
Y[_a`n*L;s
WV
ρ

GHJLmckpXrYfq_aK]JmnkKMk¨V xL L*£8jJ_aL;XrL;s khmcXaf¦`n\kh\lfhYaHlL*_fp_[K  L
YM]lXsJL*\JfpYaLdV
eu(x)
YaHJL
LE\JL*_[pV:sJL*\lXa`®YZVk#YYaHlLj4fq`\dY
x
 
eu(x0) = ‖∇u(x0)‖2 .
3 YaHlL ]J\ltY[`fq\
u
`nXHlkp_aKMfq\J`nt`n\
B(R)
 JYaHJLE\ Y[HJLL
£8jJ_[LEX[Xa`fq\lX%fp_,s8LE_a`n#k#Ya`npL;X
u/1(x0) =
1
πR3
∫
ΓR(x0)
u · (x1 − x1,0) ds, u/2(x0) =
1
πR3
∫
ΓR(x0)
u · (x2 − x2,0) ds.
kp_aLL
£JkqtYE3ï\W`LW@ fpFY[HJ`nXE 8fq_aK]Jmnk   }S tEkh\4L_[L@_[`®YaYaLE\ `n\YaHJLL;bq]l`#khmnL*\dYfp_[K
E0(ρ ;w) =
1
2
∫
Ω
‖∇w‖2 dx− 1
2
πρ2 ew(0).   }dy
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, Lt
fq\lXa`ns8LE_YaHJL Y[LEXrY,jJ_afqJmnL*K
∆uρ = 0
`n\
Ωρ = [0, 1]× [0, 1] \B(x0, ρ),
uρ =








0
fp_
x1 = 0
 
1
fp_
x1 = 1
 
x21
fp_
x2 = 0
 
√
x1
fp_
x2 = 1

∂uρ
∂n
= 0
fp\
∂B(x0, ρ).
  }p} 
GHl_aLELYZVWjxLEXfh%kpjJjJ_[f¨£8`Kk#Y[`fq\lXkh_[L]lXaLEs)I,L*_[LMWV
u
@LMs8L*\JfpYaLYaHJLXafpmn]8Ya`nfp\`\YaHlL s8fqKkh`n\
@`YaHlfp]8Y,qfp`cs
{p Pfq]JJmnLt
fq_a_[LEt
Ya`nfp\ YaHJL ]l\ltY[`fq\
uρ
`cX_aLEjJ_[LEXaL*\dYaL;s`n\YaHJL fq_aK
uρ = u+ sρ(u) + pρ + sρ(pρ),
@HJL*_[L
sρ(u)
`nXY[HJLC.l_uXZYt
fq_a_[LEt
Ya`nfp\fq_
u
 I,f@L*qL*_; 
sρ(u)
s8`nXrYa]l_alX%Y[HJL4fq]J\lsJkp_aV:t*fp\lsJ`®¢
Ya`nfp\lX,fp\
∂Ω
kh\4s/@L`n\qY[_af8s8]4t
LXaLEt
fq\ls¡t
fq_a_[LEt
Ya`nfp\lXE&GHJL ]J\lt
Ya`nfp\
pρ
XafpmnpL;XBY[HJL  khjJmckpt*L
LEbd]lkhYa`nfp\5@`YaHYaHJLxfp]J\lslkh_[VMt*fp\lsJ`®Y[`fq\
pρ = −sρ(u)
fp\
∂Ω
 Wkp\lsY[HJL*\khdkh`n\
sρ(pρ)
\d]lm®¢
m`2.lL;X,Y[HJLNPL*]JKkh\l\¦t
fq\ls8`Ya`nfp\fp\¡Y[HJLxfp]l\lsJkh_[Vfh@YaHlLpfq`ns=9,L t
fp\4Xr`cs8L*_PYaHJ`cXXrfqm]8Y[`fq\
kpX\JL;kh_[mVL
£Jkpt
Y`n\
Ωρ

8
	 @£JkqtY	PXrfqm]JYa`nfp\ HJL*_[LYaHJL_a`npHdYdHlkp\lsXr`cs8L`nXkh]lpKML*\dYaL;sWVMYaHJLL
£8jJ_[LEX[Xa`fq\:t
fp\dYukh`n\J`\l
s8L*_[`n¨khYa`npL;Xfh`n_[kqt  Xs8L*mY[kl 
∆uρ = 2πρ
2(∇δ(x − x0) · ∇u).
3ï\YaHlL*fp_[VY[HJ`cX%Xafpmn]8Ya`nfp\M`cXBkpmnXafL
£Jkpt
YB`n\
Ωρ
]Jj:YafY[HJLPHJ`npHlL*_@Y[Hlkh\ jxf@L*_uX@fh
ρ
 dXaL*L D·SE6 
J]8Y,fp(t*fp]J_uXrLYaHlL*_[Lkh_[Ls8`2M:t
]JmYa`nLEX @`®Y[H\W]JKMLE_a`ct*kpm=khjJjJ_[f¨£8`KkhYa`nfp\=
J,TWfpmn]8Y[`fq\fp8Yukh`n\JLEs¡WV YaHJLKMfWsJ`0.4tEk#Y[`fq\fh(YaHJLL*\JLE_aqV:Y[L*_[K q`qL*\¡WV   }dy PGHl`nXXrHJfq]Jmcs4LL*£JkptY]JjY[fMYaHJLHJ`npHlL*_YaHlkp\jxf@L*_uX%fp
ρ
fq]8Y[Xa`cs8L YaHJL_[`n\JMfhFY[HJL_[kqs8`n]lX
R > ρ

GHJLHJfqmL/@kqXjxfqXa`®Y[`fq\JLEsk#Y
x0 = [0.5, 0.7]
kp\lsHlkqsY[HJL _ukpsJ`]lX
ρ = 0.05
 GHJL/.lp]J_[LEX
XaHJf@ Y[HJLM_aL;Xr]JmY[Xfp%t
fqK jl]8Y[khYa`nfp\lXfp_s8`213L*_[L*\dYjxfqXa`Ya`nfp\lXfh%YaHJL pfq`nskh\ls¦_[khYa`nfqX
R/ρ
 `n\YaHJL
fq_aK fh,XaLEtY[`fq\lX Y[HJ_afq]JpH Y[HJLXa]J_råkqt
L
u(x1) = u(x1, x
0
2)
kpmfq\JYaHJL:mn`n\JL
x2 = x
0
2
 `½ Lppfq`\l
Y[HJ_[fp]JqH Y[HJLKM`csJs8mnLfp@YaHJLHlfpmnLpiPY[HJL*_XrL;tYa`nfp\4XmfWf$G qL*_[V Xa`KM`nmnkp_E ,LKMk¨V¡t
fq\lt
mn]ls8Lq lY[Hlk#Y
Y[HJL KMfWsJ`0.lL;sLE\JL*_[pV:kpmmnf@,XE d`n\¡t
fp\4t
fp_usJkp\lt
L=@`®Y[HY[HJLYaHJLEfp_[V:s8L*qL*mnfpjxLEs `\mnkqXZYXa]JlXaLEtY[`fq\= WYaf
t*fpKMjJ]8Y[Lkpt*t*]J_uk#YaLEmmnVY[HJLXrfqm]8Y[`fq\¡fp]8YuXr`cs8LYaHJL_[`n\J
ΓR

Qfq_aLEf#pLE_;@L H4k¨pLXaL*LE\kpLE_aV¡qfdf8skhp_[L*LEKML*\dYfp&YaHlLMXafpmn]8Y[`fq\O@`YaHYaHJLXa`\lp]Jmckh__a`npHdY
H4kh\lsXa`cs8L)@`YaH¦YaHJL\JLEkp_amnV¡L
£Jkpt
YXafpmn]8Ya`nfp\¦jJ_af8s8]4t
LEsdVs8fq]JJmnLt*fp_[_aL;tYa`nfp\FGHJ`cX%gZ]lXZY[`0.4LEXYaHJL
]4XrLfpXa`n\Jp]Jmckh_%Xrfqm]8Y[`fq\lX@kpX%kh\khjljJ_af¨£8`nKk#Ya`nfp\ fh_[LEkpm8fp\JL;X* $@Hlk#YJ@`nmnmlxL,L
£8jJmnfp`YaL;sM`\MY[HJL,\JL*£dY
XaLEt
Ya`nfp\lXE
  Î] ÉÉÂÂ
p   2[	XF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`np]J_[L,{  %fpKMjlkh_[`cXrfq\fpJXrfqm]8Y[`fq\lXfq_
R = 1.2ρ
P`cXa`JmnLBXam`npHdYFmnfqX[X=fpJkpt*t*]J_ukpt
V\JLEkp_Fxfp]J\4sJkh_[V
fpFY[HJL_a`n\J4 Js8]JL Yaf Y[HJLXrKkpmm=_uk#Y[`f fhYaHlL_[kqs8``6
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`np]J_[L @GHJLX[khKMLkpX`n\ `nl{p 8l]8Y @`®Y[H
R = 2.5ρ

Íé 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X`YYa]J_[\lXfq]8YE (Xr`nKM`mckh__[LEkqXrfq\J`n\J Kk¨V4L:tEkh_[_a`nLEsfp]8Y`n\t*kqXrLMfhYaHlL   LEmnkqXZY[`nt*`®YZVXrV8XrYaL*K¡ 
LEpLE\``Y`cXK]4tuH KMfp_[Lt*fpKMjJmn`ntEk#Y[LEs3ï\khlXaL*\lt*Lfpqfpmn]JKMLPfq_[t*LEXXr]4tuH kMXrV8XrYaLEK HlkpXkfp_[K
µ∆u1 + (λ + µ)(u1/1,1 + u2/1,2) = 0,
µ∆u2 + (λ + µ)(u1/1,2 + u2/2,2) = 0,
  }VU 
@HlL*_[L
u = (u1, u2)
T sJL*\JfpYaLEXPYaHlLs8`cXrjlmnkqt
L*KMLE\qY kh\ls λ, µ kh_[L  kpKMLt
fq\lXrY[kh\dYuX*9, L XaHlkpmm]lXrLkpmnXafYaHJL]lXr]4khmB\lfhY[khYa`nfp\ fp_YaHJLXaVWKMK L*Ya_[`ntXrYa_ukh`n\ YaLE\lXrfq_
ε = [εij ]
 
ε11 = u1/1, ε22 = u2/2
 
γ12 = 2ε12 = u1/2 + u2/1
kpX @L*mnm=kpXXrYa_[LEX[XYaLE\lXafp_
σ = [σij ]
&GHlL I,fWfGqL X%mck@
σ11 = (λ + 2µ)ε11 + λε22, σ22 = λε11 + (λ+ 2µ)ε22, σ12 = µγ12 = 2µε12
mn`n\?G8X4fpYaH¡fp8gZL;tYuX*3ï\ YaHJL;XrL Y[L*_[KX   }VU _aL;s8]lt
L;XYaf
∇ · σ(u) = 0.   }$L 
lfp_&Xa]ltuHMkXrV8XrYaL*K YaHJLE_aLL*£W`cXrY[X&kp\ kp\lkhmnfpYaf Y[HJLe(fp`cXaXafp\ GpLE_a\JLEm½ qXrLELCD }E X3 YB`nX@k KkhYa_[`®£
G(x,y)kpmmnf@`n\J¡]lXY[fL
£8jJ_[LEX[XYaHlL#khmn]JLEXfhYaHlLXrfqm]JYa`nfp\`n\lXr`cs8LY[HJL t*`_ut
mnL
ΓR(x0)
WV KMLEkh\4Xfh`Y[X
  Î] ÉÉÂÂ
q   2[	XF
[
#kpm]JL;Xfp\ YaHJLt*`_ut
]lKLE_aLE\lt
L 
u(x) = − 1
π
∫
ΓR(x0)
G(x − x0,y − x0) · u(y) dsy.   }pz 
 L
Y]lX,sJL*\JfpYaL
I
:`cs8L*\dYa`YZVKkhYa_[`®£ kp\ls
k =
λ+ µ
λ+ 3µ
.
GHlL*\
G(x,y)
H4kpXkfp_[K
G(x,y) = Γ(x,y) + A(x,y),   U#
@HlL*_[L
Γ(x,y) =

(1 − k)I + 2k


( ∂d∂x1 )
2 , ∂d∂x1
∂d
∂x2
∂d
∂x1
∂d
∂x2
, ( ∂d∂x2 )
2




∂
∂ny
log
1
d
,   UW{ 
A(x,y) =
1
2R

(1 − k)I − k


x1y1−x2y2
R2 − 1 ,
x1y2+x2y1
R2
x1y2+x2y1
R2 , −1−
x1y1−x2y2
R2



 ,   Uh
kp\ls
d = d(x,y) = ‖x − y‖ 
 
( " K" J!
?[67(T) 

x0 = 0
5  
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 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
OXr`n\JY[HJL_aLEjJ_aL;XrLE\dY[k#Y[`fq\MfhFs8`cXrjlmnkqt
L*KMLE\qYkpX%p`npLE\dV   }pzJ@LPKk¨V t*fpKMjJ]8Y[LPY[HJLP#kpm]JL;XBfp`Y[Xs8L*_[`n¨khYa`npL;Xk#Yl L
fq_aLP@_[`Ya`n\Js8f@\YaHlL_aL;Xr]lm®Y; @LK]lXrYP`n\qY[_af8s8]4t
LXafpKML\JfpY[k#Y[`fq\=  L
Y
]4Xs8L .l\lL
I1(k, l)
kp\ls
I2(k, l)
kpX
I1(k, l) =
1
α(k, l)
∫
ΓR
u1x
k
1x
l
2 ds , I2(k, l) =
1
β(k, l)
∫
ΓR
u2x
k
1x
l
2 ds ,  
Uh 
@HlL*_[L
α(k, l) = Rk+l+2
∫ 2π
0
cosk+1 φ sinl φ dφ ,
β(k, l) = Rk+l+2
∫ 2π
0
cosk φ sinl+1 φ dφ ,
@HlL*\JLEpL*_Y[HJLEXaLML
£8jJ_[LEX[Xr`nfp\lXKkGqL XaL*\4XrLq =`½ LpM`
k
`cX fWslskp\ls
l
L*qL*\fp_W`nt*LMpL*_uX[kJMi4XrLE_aqL
Y[Hlk#Y
α(k, 0) = β(0, k)
kh\ls
α(1, 0) = πR3, α(3, 0) =
3
4
πR5, α(1, 2) =
1
4
πR5, α(5, 0) =
5
8
πR7, α(3, 2) =
1
8
πR7
Íé =Í 
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kp\lsXrfMfp\FJ]J_aYaHJLE_aKMfq_aLq dmnL
Y
δ1 = 9k ([I1(1, 0) − I2(0, 1)] − [I1(3, 0) − I2(0, 3)]) ,
δ2 = 9k ([I1(0, 1) + I2(1, 0)] − [I1(0, 3) + I2(3, 0)]) .
  US
3ï\Y[L*_[KMXfpY[HJLEXaLXrVWK4fqmnXfq\JLKk¨V:fp8Yukh`n\= Jk#ÏY[L*_qL*_[V:mLE\JhY[HWVt*kpmnt*]JmnkhYa`nfp\lXE WYaHlL fp_[K]JmckhLfp_
Y[HJL ¨kpm]lLEXfhBXrYa_ukh`n\¦t
fqK jxfp\lL*\dY[Xk#YYaHJL j4fq`\dY
x0 = 0
@Hl`ntuH @`nmnm(t*fp\lXrYa`Ya]JYaLYaHJL lkpXa`cX,fh%fp]J_
LE\JL*_[pVMY[_[kp\lXrfp_[KMkhYa`nfp\lX 
ε11 + ε22 = I1(1, 0) + I2(0, 1) ,
ε11 − ε22 = I1(1, 0) − I2(0, 1) − δ1 ,
γ12 = I1(0, 1) + I2(1, 0) + δ2 .
  Uhy
 L
Y]lX_[LEtEkhmnm=khmcXrfYaHlLL
£8jJ_[LEX[Xr`nfp\fp_YaHlLL*mckpXrYa`ctLE\JL*_[pV:sJL*\lXa`®YZVk#YYaHlLXakpK L jxfp`n\dYE 
eu(0) =
1
2
σ : ε =
1
2
[
(λ+ µ)(ε11 + ε22)
2 + µ(ε11 − ε22)2 + µγ212
]
.   U#} 
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GHlL:fp_[`q`\ fpXaVWKxfpmcX
I1(k, l), I2(k, l)
kh\4s YaHJLE`_ _afqmL`n\ t*kpmnt*]Jmck#Ya`nfp\fp,XZY[_[kp`\lXKMk¨V xL:L
£W¢
jlmnkp`\JL;s kpmnXaf `\¡kh\JfpYaHJLE_ @k¨Vq dmnLEkqs8`n\JY[fkqL*\JLE_[kpmxjl_af8t
L;s8]J_[Lp(GFf Y[HJ`nXKML;kh\lX @LXaHlkpmm]lXaLYaHJL
fq_aKkpmBXrLE_a`nLEXK L*YaHJf8sY,LkqXaXa]JKMLs8`cXajJmnkqt
LEK LE\dYkh_[fp]J\4s
x0 = 0
`n\YaHlL:fp_[KSfpYaHJLj4f@L*_
XaL*_[`nLEX
u1 = a0,0 + a1,0x1 + a0,1x2 + . . . =
∞
∑
k=0
k
∑
l=0
ak−l,l x
k−l
1 x
l
2 ,
u2 = b0,0 + b1,0x1 + b0,1x2 + . . . =
∞
∑
k=0
k
∑
l=0
bk−l,l x
k−l
1 x
l
2 .
  UU 
, Lkh_[L`\dYaLE_aL;XZY[LEs `\k jxfqX[Xr`nJmnV kptEt
]J_uk#Y[Lt*fpKMjJ]8Yuk#Y[`fq\ fp
ε11 = u1/1(0) = a1,0 ,
ε22 = u2/2(0) = b0,1 ,
γ12 = u1/2(0) + u2/1(0) = a0,1 + b1,0 .
  UL 
T8`\lt*L¡YaHJLL;bd]lk#Y[`fq\lX   } U  K]4XZY:xL¦X[k#Ya`cX .lLEs k#Y x = 0  khÏYaL*_:sJ`013L*_[L*\dYa`ck#Y[`\l YaHJLXaL*_[`L;Xkh\lsXa]JlXrYa`Ya]JYa`nfp\ @%L Hlk¨qL
2µ(a2,0 + a0,2) + (λ+ µ)(2a2,0 + b1,1) = 0 ,
2µ(b2,0 + b0,2) + (λ+ µ)(a1,1 + 2b0,2) = 0 .
  U#z 
`21xLE_aLE\qY[`nkhYa`n\JY[HJLP.l_uXZYLEbd]lk#Y[`fq\¡`\   }VU  @`®Y[H_aL;XrjxLEt
Y,Yaf x1 kp\lsYaHlLXrL;t
fq\ls @`®Y[H_aL;XrjxLEt
Y,Yaf
x2
@%L fq8Y[kp`\¡`n\kXa`KM`nmnkp_ @k¨V
µ(6a3,0 + 2a1,2) + (λ+ µ)(6a3,0 + 2b2,1) = 0 ,
µ(2b2,1 + 6b0,3) + (λ+ µ)(2a1,2 + 6b0,3) = 0 .
  Lp 
  Î] ÉÉÂÂ
S   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 VXa]JKMKM\J`nMYaHJLkp4f#qL=@L pL
Y
3a3,0 + a1,2 + b2,1 + 3b0,3 = 0.   Ll{ 
T8`KM`nmnkp__aLEmnkhYa`nfp\lXKk¨V4Lfq8Y[kp`\lLEsfp_HJ`npHJLE_,t
fWL M:t*`LE\qYuXfh4fpYaHXrLE_a`nLEXE WWV:KMfp_[L sJ`013L*_[L*\dYa`ck#¢
Y[`fq\lXE
3ï\YaHlLA.l_[XrY,XZY[L*j @L XaHlkpmm=t*fpKMjJ]8Y[L
ε11 + ε22
, L`n\qY[L*q_[khYaL   U$U f#pLE_ ΓR qL
YrY[`\l
∫
ΓR
u1 x1 ds = α(1, 0)a1,0 + α(3, 0)a3,0 + α(1, 2)a1,2 + . . .
∫
ΓR
u2 x2 ds = β(0, 1)b0,1 + β(0, 3)b0,3 + β(2, 1)b2,1 + . . .
  Lq
sls8`\lY[HJLEXaL_[L*mck#Ya`nfp\4Xkp\ls]lXa`\JMjJ_[fpjxL*_aYa`nLEXfp]J\4tYa`nfp\4X
α, β
q`qLEX
I1(1, 0) + I2(0, 1) = a1,0 + b0,1 +
R2
4
(3a3,0 + a1,2 + b2,1 + 3b0,3) + . . .   Lq 
GHlLYaL*_[K `n\jlkp_aLE\qY[HJLEXa`cX(¨kp\J`cXrHJL;X@s8]JLY[f   Ll{ @kh\4s`n\kXr`nKM`mckh_@k¨Vfq\JL,t*kp\MtuHlLEtGY[Hlk#Y&åkp_rY[HJL*_Y[L*_[KXs8`nX[khjlj4L;kh_,kpX@L*mnm½&GHl`nXq`qLEXP>V$ _[L*mck#Ya`nfp\
ε11 + ε22 = a1,0 + b0,1 = I1(1, 0) + I2(0, 1)   LS
kqXML
£8jxLEtY[LEs i\YaHJL @k¨VB@LH4k¨pLXrLEL*\YaHJLfq_a`np`n\ fp
I1(1, 0)
kp\ls
I2(0, 1)
 @HJ`ctuH kpjJj4L;kh_
\4k#Ya]l_[kpmmnV:s8]JL Y[f`\dYaLEp_uk#Y[`fq\fhYaHJLXaL*_[`nLEXE
3ï\YaHlL\JL
£WYPXrYaL*jH@Lt
fpKMjJ]JYaLYaHJLsJ`013L*_[L*\lt*L
ε11 − ε22 = a1,0 − b0,1.
eB_af8t
LELEs8`n\JXa`KM`nmnkp_amnV:kpXkp4f#qL=@LpL*Y
I1(1, 0) − I2(0, 1) = a1,0 − b0,1 +
R2
4
(3a3,0 + a1,2 − b2,1 − 3b0,3) + . . .   Ldy
kp\ls dV Xr]J4XZY[_[kqtYa`n\J YaHlLLEbd]lk#Y[`fq\lX`n\   Lp 
µ(3a3,0 + a1,2 − b2,1 − 3b0,3) + (λ+ µ)(3a3,0 − a1,2 + b2,1 − 3b0,3) = 0.   Lq} 
GHl`nXB`nX%`\4Xr]7M:t*`LE\qY%YaftEkh\lt*L*mlåkh_aYaHJLE_&YaLE_aKX%`\   Lqy&kh\4sN@%L\JL*L;skpsJs8`Ya`nfp\4khmlL;bd]lk#Y[`fq\lX*(GfYaHl`nXLE\lsH@%Lt*fpKMjJ]8Y[LHl`qHJL*_fq_[s8LE_`\dYaLEp_ukhmcX
∫
ΓR
u1 x
3
1 ds = α(3, 0)a1,0 + α(5, 0)a3,0 + α(3, 2)a1,2 + . . .
∫
ΓR
u2 x
3
2 ds = β(0, 3)b0,1 + β(0, 5)b0,3 + β(2, 3)b2,1 + . . .
  LVU 
Íé =Í 
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l_afqK YaHlLkhxf#pLfpmnmf@,X
I1(3, 0) − I2(0, 3) = a1,0 − b0,1 +
R2
6
(5a3,0 + a1,2 − b2,1 − 5b0,3) + . . .   L$L 
@HlL*_[L kpqkp`\/@%LXaL*L YaHlLfq_a`np`n\lXfps8L.l\J`Ya`nfp\lXfq_
I1(3, 0)
kh\ls
I2(0, 3)

 %fqKJ`n\J`n\J   L$L  @`YaH   Lqy =kpX @L*mnmqkqX   Lq}3p`npL;X* ;k#ÏY[L*_XafpKML&tEkhmct
]Jmck#Y[`fq\lX* *YaHJL%XrL;t
fp\4sPfq_aK]Jmck`n\   Upy 3ï\YaHlLXakpK LA@k¨Vfp\JLtEkh\pL
YY[HJL YaHl`_us:fq_aK]Jmckfq_ γ12 = a0,1 + b1,0 ilXaL*_[pLq hY[Hlk#YB`Fs8`cXrjlmnkqt
L*KMLE\qYt
fpKMjxfp\JLE\dY[X @L*_[LHlkp_aKMfp\l`ntp hYaHlL*\Y[HJLt*fp_[_aL;tYa`nfp\4X
δ1
kp\ls
δ2@fp]lmns¦¨kp\J`cXrH= =kqXC@%L Hlk¨pLMXaL*L*\`\ XaLEtY[`fq\t*fp\lt*L*_[\J`\l:YaHlL  khjJmckpt*LL;bd]lk#Y[`fq\= 3ï\ jJ_[kqtY[`nt*Lp =kpX
@LXrH4khmnm=XrLEL_[fpK"\d]lK LE_a`ct*kpmL
£8jxL*_[`KML*\dYuX* WY[HJL*Vkh_[LqL*_[V:XrKkpmm6 8J]8Y,\JfpY,\JL*qm`np`nJmnLp
, LHlk¨pLjJ_[LEXaL*\dYaL;sY[HJ`cX@khmYaL*_[\lkhYa`npLs8L*_[`#khYa`nfp\ 4L;t*kh]4XrL`Y(Kk¨VH4k¨pLXrfqK Lkqs8#kh\dY[kppLEXEFGHJL
GW\Jf@mnLEsJpL,fp=efq`nX[Xafp\TGpLE_a\lL*ml`cX\JfhY_aL;bd]J`_[LEs= dkp\ls:kh\l`nXafhY[_afqjJ`nt\lfp\JHJfqKMfppLE\JL*fq]lX&L;bd]lk#Y[`fq\lX@åkpmm
`n\dYafY[HJLX[khKMLX[tuHJLEKMkl 4kqXaXa]JKM`\lXr]?Mt*`LE\dYs8`21xLE_aLE\dYa`ckhJ`nm`YZVfh&pfqm]lK Lfp_ut
LEXE93ï\Xa]ltuH¦k:tEkpXaL
fq\Y[HJL_[`qHqYdHlkp\lsXa`cs8LfhLEbd]lk#Y[`fq\lXYaHlL*_[L kpjJjxLEkh_,XaL*_[`nLEX_aLEjJ_[LEXaL*\dYa`n\JYaHJL;XrL fq_[t*LEXE
  	    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, L XaHlkpmm_aL;t*kpmm%HJL*_[L XafpKML:fq_aK]JmckhLs8L;Xat*_a`nJ`n\JY[HJLXrYa_[LEX[XP.4L*mcs kh_[fp]J\4st
`n_[t*]Jmnkp_HJfqmL `\ YaHJL
`n\7.l\l`®Y[L  L*mckpXrYa`ct,KML;s8`]lK3 X@%L kpX[Xa]JKML,YaH4k#Y,k#Y`\?.l\J`YZV:fp\JmnV
σ11
`nX\JfpYEL*_[fl 8kh\4sYaHlLHJfqmL
B(ρ)
`nX,t*L*\dYaLE_aL;skp_afq]J\ls fp_[`q`\= dY[HJL*\¡Y[HJLXZY[_aL;XaXaLEXfq_
r ≥ ρ H4k¨pLYaHJL fq_aK
σrr =
1
2
σ11
[
(1 − ρ
2
r2
) + (1 − 4ρ
2
r2
+ 3
ρ4
r4
) cos 2φ
]
,
σφφ =
1
2
σ11
[
(1 +
ρ2
r2
) − (1 + 3ρ
4
r4
) cos 2φ
]
,
σrφ = −
1
2
σ11(1 + 2
ρ2
r2
− 3ρ
4
r4
) sin 2φ .
  Lpz 
IPL*_[L
(r, φ)
t
fq\lXZY[`®Y[]8YaLYaHlLjxfpmckh_t*fdfq_[sJ`\lkhYaLXrV8XrYaL*K'kp_afq]J\lsfp_[`q`\kp\lsY[HJL
σ
Wt*fpKMj4fq\JL*\dYuXkp_aL
q`qLP`n\:Y[HJL fp_aYaHJfqpfp\4khm4t*fWfp_us8`\4k#YaL;XBs8L.l\JL;sWV {er, eφ}  V@`YaH lkpXaLpL*_uXafp_uX&k#Ykh\WVp`npLE\:jxfp`n\qYsJ`_[LEt
YaLEskhmnfp\l _ukpsJ`]lXkp\lsj4LE_ajxL*\lsJ`nt*]Jmnkp_amnVY[f `YE 4kh\dYa`ct
mnf8tGV@`cXaLp
OXr`n\J YaHlLEXaLL*£8jJ_aL;XaXa`nfp\lX @LKk¨V `nKMKMLEs8`ck#Y[L*mnVt
fq\lXrYa_[]ltYMYaHlLXrfqm]8Y[`fq\ t*fp_[_aL;Xrjxfp\4s8`\lYaf
\lfp\JEL*_[f
σ22
khY,`\7.4\J`®YZVq JWVXa]JlXrYa`Ya]8Y[`\J
φ := φ+ π2
 
σ11 := σ22   L*£JtuHlkh\JqLfp(kh£8`nX  
σrr =
1
2
σ22
[
(1 − ρ
2
r2
) − (1 − 4ρ
2
r2
+ 3
ρ4
r4
) cos 2φ
]
,
σφφ =
1
2
σ22
[
(1 +
ρ2
r2
) + (1 + 3
ρ4
r4
) cos 2φ
]
,
σrφ =
1
2
σ22(1 + 2
ρ2
r2
− 3ρ
4
r4
) sin 2φ .
  zp 
l]J_rY[HJL*_[KMfp_[Lp R@%L¡Kk¨V L
£8jJmnfp`YMYaHJL¡åkqtYY[Hlk#YMYaHlLjJ]J_[L¡XaHJL;kh_:XrYa_[LEX[X
σ12
`nXML;bq]l`#khmnL*\dYMYaf
Xa`nK]JmY[kp\JL*fq]lXPXrYa_[L
YutuHJ`\lkh\ls¦t
fpKMjJ_[LEX[Xa`fq\ @`®Y[HYaHJLMX[khKML`n\qY[L*\lXa`YZV
σ12
kh\4s −σ12  xJ]8Ykhmnfp\l
  Î] ÉÉÂÂ
p}   2[	XF
[
Y[HJL k#£8`nXB_afpY[khYaLEs:dV Y[HJLkp\JpmnL
π/4
@GHd]4XJ@LPKkGqLPXa]JlXrYa`Ya]8Y[`fq\lX
φ := φ+ π4
 
σ11 := σ12
 qY[HJL*\
φ := φ− π4
 
σ11 := −σ12
`\   Lpzkp\ls kqsJs4fpYaHXafpmn]8Ya`nfp\lXY[fpqL
YaHlL*_fp8Yukh`n\J`n\J
σrr = σ12(1 − 4
ρ2
r2
+ 3
ρ4
r4
) sin 2φ ,
σφφ = σ12(1 + 3
ρ4
r4
) sin 2φ ,
σrφ = σ12(1 + 2
ρ2
r2
− 3ρ
4
r4
) cos 2φ .
  zJ{ 
 L
Y]lX\lf@ s8LE\JfhY[L
σI =
1
2
(σ11 + σ22), σII =
1
2
(σ11 − σ22).   zq
GHlL*\ kqsJs8`n\J   Lpz     zp 
    zl{ q`qLEXYaHJL¡Xrfqm]JYa`nfp\ t*fp_[_aL;Xrjxfp\lsJ`\JYafY[HJLpL*\lL*_ukhm%XrYa_[LEX[XP.4L*mcs k#Y`n\7.l\l`®YZV 
σrr = σI + σII cos 2φ+ σ12 sin 2φ
− σI
ρ2
r2
− σII (4
ρ2
r2
− 3ρ
4
r4
) cos 2φ− σ12(4
ρ2
r2
− 3ρ
4
r4
) sin 2φ ,
σφφ = σI − σII cos 2φ− σ12 sin 2φ
+ σI
ρ2
r2
− 3σII
ρ4
r4
cos 2φ− 3σ12
ρ4
r4
sin 2φ ,
σrφ = −σII sin 2φ+ σ12 cos 2φ
− σII(2
ρ2
r2
− 3ρ
4
r4
) sin 2φ+ σ12(2
ρ2
r2
− 3ρ
4
r4
) cos 2φ .
  zp 
o,LEt*kpmmn`n\JYaHlL%_[]JmnLEXFfp_YaHJL%Ya_ukh\lXrfp_[Kk#Y[`fq\fp4XrYa_[LEX[XrL;X=]J\lsJL*__afpY[k#Y[`fq\fh8Y[HJLt*fWfp_us8`\4k#YaL%XrV8XrYaL*K¡ 
@L pL*YY[HJLs8`cXZY[fp_aYa`nfp\fhYaHJLXrYa_[LEX[Xs8]JL Y[fY[HJLt
`n_ut
]Jmckh_HJfqmL 
σ̂rr = −σI
ρ2
r2
− σII(4
ρ2
r2
− 3ρ
4
r4
) cos 2φ− σ12(4
ρ2
r2
− 3ρ
4
r4
) sin 2φ ,
σ̂φφ = σI
ρ2
r2
− 3σII
ρ4
r4
cos 2φ− 3σ12
ρ4
r4
sin 2φ ,
σ̂rφ = −σII(2
ρ2
r2
− 3ρ
4
r4
) sin 2φ+ σ12(2
ρ2
r2
− 3ρ
4
r4
) cos 2φ .
  zS
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NPf@ @%LBXaHlkpmmdt
fp\4Xr`cs8L*_=YaHJLt
fp\dY[_a`nJ]8Y[`fq\= E`n\Y[HJLBkh4XrLE\lt
L&fp8pfpmn]JKML@fq_[t*LEXE EfpdY[HJLBLE\JL*_[pV`\dY[L*p_ukhm
f#qL*_YaHlL t*`_ut
mnLXr]l_a_[fp]J\4s8`\lY[HJLfp_[`q`\   `6 Lp(YaHlLj4fpYaL*\dY[`nkpmmf8t*khYa`nfp\fhYaHJLXaKkhmnmHJfpmnL 
eR(u) =
1
2
∫
B(R)
(σ : ε) dx =
1
2
∫
ΓR
uT (σ.n) ds   zdy
Íé =Í 
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 !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Y[f YaHJLqmfqlkhm3LEmnkqXZY[`nt LE\JL*_[pVq@T8`KM`nmnkp_amnVkpX`n\YaHJLt*kpXaL fh  khjlmnkqt
L LEbd]lkhYa`nfp\= 7@LXrH4khmnmmL;k¨pLYaHJL
sJ`nXajJmckpt
LEKML*\dYkpXP`nXkh\lst*fp\lXa`cs8L*_Y[HJLsJ`nXrYafq_rY[`fq\¡YafY[HJLXrYa_[LEX[X .lLEmnstEkh]lXaLEs¡WV`\dY[_af8s8]lt*`\lYaHJL
XaKkhmnmHJfpmnLp ]JLY[f   zS `Y,Kk¨V:xLL
£8jJ_[LEX[XrL;skpX
δeR =
1
2
∫
ΓR
uT (σ̂.n) ds.   zq} 
YLEpL*_[Vjxfp`n\qYfq\YaHlL
ΓR
@L XaHlkpmm@]lXaLYaHJL:X[khKMLMt
fWfp_us8`n\lk#Y[LXaVWXrYaLEK {er, eφ} kpX`n\¦Y[HJLMmnkqXZYXaLEt
Ya`nfp\= 3ï\ Y[HJ`cXXaV8XZY[L*K
u = [ur, uφ]
T   n = [1, 0]T  Xk_[LEXa]JmYE [@%LHlk¨pLY[f¦t
fqKMjJ]8YaLYaHJL`n\dYaLEp_ukhm
δeR =
1
2
∫
ΓR
(σ̂rrur + σ̂rφuφ) ds.   z U 
NPf@\@L fplXaL*_[pLYaHlkhY
x21 + x
2
2 = R
2 fp\ ΓR kh\ls
ur =
1
R
(u1x1 + u2x2) uφ =
1
R
(−u1x2 + u2x1) ,
sinφ =
1
R
x2 cosφ =
1
R
x1 .
GfXr`nKMjJmn`®VYaHJLtEkhmct
]Jmck#Y[`fq\lX@%L `n\qY[_af8s8]4t
L\JfpY[k#Y[`fq\lX 
f = I(1, 0) + I(0, 1), a = I(1, 0) − I(0, 1), b = I(3, 0) − I(0, 3),
c = I(0, 1) + I(1, 0), d = I(0, 3) − I(3, 0).
3ï\Y[HJLEXaLYaL*_[KX
∫
ΓR
ur ds = πR
2 f,
∫
ΓR
ur cos 2φ ds = πR
2(
3
2
b− a),
∫
ΓR
ur sin 2φ ds = πR
2(2c− 3
2
d),
∫
ΓR
uφ cos 2φ ds = πR
2(
3
2
b− 2a),
∫
ΓR
ur cos 2φ ds = πR
2(
3
2
d− c).
  zL 
NPf@ Js8]JL Y[f   US *    Uhy 
f = ε11 + ε22, a = ε11 − ε22 + δ1, b = ε11 − ε22 + (1 −
1
9k
)δ1,
c = γ12 − δ2, d = γ12 − (1 +
1
9k
)δ2.
  Î] ÉÉÂÂ
L   2[	XF
[
T8]JlXrYa`Ya]8Y[`\JMY[HJ`cX`\dY[f   zVUp`npLEX
δeR = −
1
2
πρ2
[
σI(ε11+ε22)+σII(ε11−ε22)+σ12γ12+
(
1 − 1
k
+
ρ2
R2
1
k
)
(σIIδ1−σ12δ2)
]
.   zpz 
T8`\lt*L_afqK I,fWf$GpL Xmnk@ fpmnmf@,X
σI = (λ+ µ)(ε11 + ε22), σII = µ(ε11 − ε22), σ12 = µγ12
Y[HJL*\F J4L;t*kp]lXrL fp   U#}* 
δeR = −πρ2eu(0) −
1
2
πρ2
[
(
1 − 1
k
+
ρ2
R2
1
k
)
(σIIδ1 − σ12δ2)
]
.   {;p
GHl`nX%KkGpL;X&`Ys8`213L*_[L*\dYB_[fpK YaHlL  kpjJmckpt
LPLEbd]lk#Y[`fq\:t*kqXrLq $@HJLE_aL,YaHJL kpsJsJ`®Y[`fq\lkhmlYaL*_[K #kh\J`cXrHlLEs 
XaL*L   }qy *¡i4XrLE_aqLp =Y[Hlk#Y`\ fp_us8LE_YafXafpmnpL YaHlL:L*mckpXrYa`ct
`YZV¦jJ_[fplmLEKS`n\ YaHJLsJfpKkh`n\t
fp\dYukh`n\J`\lY[HJLHlfpmnL @`®Y[H¦kptEt
]J_ukpt*V   fq]8Y[Xa`cs8L ΓR ,]JjY[f o(ρ2)  @Ls8fq\  Y\JLELEs 3s8]JLY[f   {Ep * 4YaHJL Xrfqm]8Y[`fq\`n\:Y[HJL `\dYukptYs8fqKMkp`\F@T8`K]Jm®Yukh\JLEfp]lXamnV:khmnm4Y[HJLYaL*_[KX`\   {;p kh_[Lbd]lkqs8_[khYa`ct @`YaH_aL;XrjxLEt
Y%Y[f ukp\ls `\dYa_[f8s8]lt*L\lf:s8`0M:t*]Jm®YZV`\dYaf\W]JKMLE_a`ct*kpmxjl_af8t
L;s8]J_[LEXE
3 ;@L:_[LEXrYa_[`nt
Yfq]J_[XaL*mYaf¦YaHJLYaL*_[KXsJL*jxL*\ls8`n\J XZY[_a`ctY[mV fp\
ρ2
kh\ls YukGqL:`\dY[fkptEt
fq]J\dYYaHJL
#kpm]JL fp
k
 WY[HJLL*\lL*_[pVt*fp_[_aL;tYa`nfp\4X&YukGpL fq\Y[HJL fp_[K
δeR = −πρ2eu(0) − πρ2
µ
λ+ 3µ
(
σIIδ1 − σ12δ2
)
.   {;J{
3ï\:fq_[sJL*_&Y[fKkGqLPt
mnLEkp_&Y[Hlk#Y%YaHJLL*\JLE_aqV t*fp_[_aL;tYa`nfp\M`cXB`n\ls8LELEs:kp\:`n\qY[L*q_[kpmlJ`nm`n\JL;kh_&fq_aK fh
usJL .l\JL;sf#pLE_
ΓR
  @Lt*fpmnmL;tYxL*mnf@ YaHlLs8LEj4LE\ls8L*\4t
LEXq`qL*\WV   US    Upy     Uh} Pkh\ls @_[`YaLsJf@\Y[HJLL
£8jJmn`ct
`Y,L
£8jJ_[LEX[Xr`nfp\fp_YaHlL YaL*_[KXkhjJjxLEkp_a`n\J `\   {EJ{  
ε11 + ε22 =
1
πR3
∫
ΓR
(u1x1 + u2x2) ds,
ε11 − ε22 =
1
πR3
∫
ΓR
[
(1 − 9k)(u1x1 − u2x2) +
12k
R2
(u1x
3
1 − u2x32)
]
ds,
γ12 =
1
πR3
∫
ΓR
[
(1 + 9k)(u1x2 + u2x1) −
12k
R2
(u1x
3
2 + u2x
3
1)
]
ds,
δ1 =
9k
πR3
∫
ΓR
[
(u1x1 − u2x2) −
4
3R2
(u1x
3
1 − u2x32)
]
ds,
δ2 =
9k
πR3
∫
ΓR
[
(u1x2 + u2x1) −
4
3R2
(u1x
3
2 + u2x
3
1)
]
ds.
GHlLEXaL%L*£Wjl_aL;XaXa`fq\lXFkp_aL%LEkqXrVYaf t
fqKMjJ]8YaL\W]JKML*_[`ntEkhmnmVq #J]8Y(]J\8fq_rY[]J\lk#Y[L*mnV YaHJLt*fp_[_aL;tYa`nfp\ fq_aK]Jmck
`cX\JfpYPXrft
fqKMjlkpt
YkqX`\ YaHlL  khjlmnkqt
L fpjxL*_uk#Y[fp_t*kqXrLq
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ε11
XZY[_aL;XaX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3ï\¡Y[HJ`cXXaLEt
Ya`nfp\ @LXrH4khmnmXaL*LHJf@ YaHlLfp_[K]lmnkpL fp_XrYa_[LEX[XPt*fpKMjxfp\JLE\qYuXxL*Hlk¨qL`\jl_[kqtYa`ct
Lq PX
kYaLEXrYL*£JkhKMjJmnL @%LY[kGqLYaHlLX[bq]4kh_[Ls8fpKkh`n\
Ω = [0, 1] × [0, 1] s8`cXat*_aL*Ya`n*L;s @`®Y[H {Eq × {Eqq_a`cs]4Xr`n\Jl`mn`\lLEkh_=.l\J`YaLL*mnL*KML*\dYuX*C3 Y`cX;.J£8LEsfq\
Γ0 = [0, 1] × {0}
kp\lsmnfqkqs8LEs @`YaH¦YaHJLYa_ukpt
Ya`nfp\
T = [15, 15]   khmnm(khÏYaLE__[LEX[t*kpm`n\J khmnfp\J jlkh_aYfp&YaHlL]Jjlj4LE_L;s8pL Γ1 = [0.45, 0.55]× {1} GHJL khKMLt
fWL M:t*`LE\qYuXMkh_[LL;bd]lkhm6 
λ = µ
 GHJ`cXs8L.l\JLEX Y[HJLjJ_[fpJmnL*K ]Jj Y[f YaHJLjJ_[fpjxfp_aYa`nfp\4khmn`®YZV
åkqtY[fp_; GHJLHlfp_[`Efp\dY[kpm%mn`\lLK LE\dYa`nfp\JL;s `n\ YaHJLtEkhj8Y[`fq\lX m`n\?G8X YaHJLjxfp`n\dY[X
[0.075, 0.925]
kp\ls
[0.925, 0.925]
 J@HJ`nmLYaHJLpL*_aYa`ct*kpm,fp\lL¦t
fq\J\JLEt
Y[X
[0.5, 0.075]
kh\ls
[0.5, 0.925]
 GHlL*V Hlk¨pL¦yp
\lfWsJLEXE 4`n\ @HJ`ctuH @%Lt
fpKMjJ]JYaLXrYa_[LEX[XaLEXEGHlLL
£JkqtYP#khmn]JL;XPkh_[Lfq8Y[kp`\JL;sXr`nKMjJmnV _[fpK$Xafpmn]8Ya`nfp\lX
fp%Y[HJL sJ`nX[t
_[L
Y[`ELEs jJ_[fpJmnL*K¡  %fpKMjJ]8Y[`\J¡Y[HJL#kpm]JL;X 	xL
fq_aL:t*fp_[_aL;tY[`fq\	 @LkqXaXa]JKML
δ1 = 0
 
δ2 = 0
kh\4sY[kGqL`n\dYafkqt*t
fq]J\dYPfp\lmVYaHlL .l_uXZY`\dY[L*p_ukhmcXf#qL*_Y[HJLt*`_ut
mnLEX
ΓR(x)
@`®Y[H
R = 0.05

GHlLt*fp_[_aL;tY[LEs#kpm]JL;X@t
fq\qYukh`n\\Jfq\J*LE_af
δ1, δ2
 X[@%LXaL*L_[fpK `nlXS W}PYaHlL,t
fp_[_[LEtY[`fq\lXkh_[Lkp\
fq_[sJL*_fh(Kkhp\l`®Y[]ls8LXaKMkpmmnL*_Y[Hlkh\Y[HJL_aL;khm#khmn]JL;X* 8J]JYkh_[L `KMjxfp_aY[kh\dY`n\ Y[HJL_[L*q`fq\lXfh(HJ`qHJL*_
XrYa_[LEX[XaLEXE PXk WVdjl_af8s8]lt
YC@LMHlk¨pLfp8Yukh`n\JLEs¦YaHlLfq_aK]Jmck:fq_ t*fpKMjJ]8Y[`\lXrYa_[LEX[XrL;X k#Yk jxfp`n\dYE 
@Hl`ntuH`nX KMfp_[L mnkp4fq_a`nfp]lXPYaH4kh\ Xr`nKMjJmLs8`213L*_[L*\dYa`ck#Y[`fq\¦fhBYaHJL:s8`cX[t
_[L
YaLMXafpmn]8Ya`nfp\= l]8YkhmcXrfKMfp_[L
kqt*t*]J_[khYaL   \JfpYPs8`cXat*]lXaXaLEs `n\¡sJL
Y[kp`mHlL*_[L 
    	     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    	 
, LXaHlkhmnm=tuHJLEtG\d]lK LE_a`ct*kpmmnVp WHJf@ YaHJLKMf8s8`2.4t*khYa`nfp\¡fhYaHJLLEmnkqXZY[`ntLE\JL*_[pVkpmmnf@,X]lXYaf:kpjJjJ_[f¨£W¢
`nKk#Y[LYaHlL`n\7-l]JLE\lt
Lfh@YaHlLXaKMkpmmHJfqmL`n\lXa`nsJLYaHlL s8fqKkh`n\=PGf:YaHl`nXL*\ls @%Lt*fp\lXa`cs8L*_PYaHJLMXakpKML
sJfpKkh`n\ kqX%`n\ YaHJL mckpXrYXaLEt
Ya`nfp\H@`®Y[HY[HJLXakpK LL
£WY[L*_[\lkhm3mnfqkpsJ`\J443ï\ YaHl`nXs8fqKkh`n\5@L XaHlkpmm3KkGqL
Y[HJLMHJfpmnLMk#YYaHJLMjxfp`n\qY
x0 = [0.5, 0.7]
fp&YaHJLM_ukps8`n]lX
ρ = 0.05
GHlL Xa]J_[_afq]J\ls8`n\J_[`n\J
ΓR
@`nmm
H4k¨pL _[kqs8`n]lX
R = 2ρ
J3ï\fq_[s8LE_YafKkGqLt
fqK j4kh_[`nXafp\lXE  @%LXaHlkpmm=\lL*LEsY[HJL 	L*£JkptY 	Xrfqm]8Y[`fq\=X
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XZY[_aL;XaXt*fpKMj4fq\JL*\dYkhmnfp\JYaHlLHJfp_[`Efp\dY[kpm4mn`n\JL\JLEkp_YaHJL ]JjJjxL*_L;s8pL
  mL*ÏY kp\lsYaHJLqL*_aYa`ct*khm3mn`\lL`\YaHlLK `cs8mnmLq
kp\khjJjJ_[f¨£8`KkhYa`nfp\¦fp,Xr]ltuHk¡Xafpmn]8Ya`nfp\ ]Jj Y[f¡YaHJLY[L*_[KXfhYaHJL:YaHJ`n_[s fq_[sJL*_ `\
ρ
@`nmnm%XaL*_[pLM]lX
Y[HJLMXrfqm]8Y[`fq\¦fp&YaHJL `n\JHJfpKMfqpL*\lL*fp]4X,jJ_[fpJmnL*K @`YaH¦YaHJLXa`\lp]Jmckh__a`npHdYdHlkp\lsXr`cs8L   fq_[t*LY[L*_[K sJL*jxL*\ls8`n\Jfq\Y[HJLXrfqm]JYa`nfp\`\YaHlL`\dY[kqtY,s8fqKMkp`\
u0

f = −2πρ2
[
ε(φ1) : σ(u0)
ε(φ2) : σ(u0)
]
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`np]J_[LAU @i\YaHJLmnL
ÏYYaHJLs8fqKMkp`\`\ `\J`Ya`ckhmkp\ls:s8L*fp_[K L;sXrY[khYaLEX   L*£JkhpLE_[khYaL;s (GHJLPjxfqXa`Ya`nfp\lXfpYaHJL_[`\J
ΓR
t
fqKMjJ]8YaL;s `n\ s8`21xLE_aLE\dY @k¨V8X\JL;kh_[mV `\4s8`nXrYa`n\Jq]J`nXaHlkpJmLs8]JL Yaf XatEkhmnLp i\ YaHJL
_[`npHdYYaHJLJmnf@ d]ljfhYaHlLjlkh_aYfhFY[HJL_[`\J4
@HlL*_[L
φ1
kp\ls
φ2
kp_aLYaHlLt
fpmn]JKM\pLEt
Yafq_[XfhYaHlL fp_[K
φ1 =
[
δ(x − x0)
0
]
, φ2 =
[
0
δ(x − x0)
]
.
GHlL#khmn`ns8`YZVfh@Xr]ltuHkp\khjJjl_afdkptuH`nXjl_af#qLEs`\BD·SEkh\4s¡HlkpXxL*LE\pLE_a`2.lLEs¡\W]JKMLE_a`ct*kpmmnV:`n\YaHJL
XaLEt
Ya`nfp\lXBt
fp\4t
L*_[\J`n\J  kpjJmnkqt
LLEbd]lkhYa`nfp\=X3ï\MYaHlL @%L;kGfp_[K]Jmck#Y[`fq\Y[HJLYaLE_aK `n\dqfpmnW`\J
f
_[LEs8]4t
LEX
Y[f YaHJLjxfp`n\dY,¨kpm]lLfp −2πρ2 ε(u) : σ(u0) `n_[XrYR@LXaHlkhmnm3t
fpKMjlkp_aL,YaHJL#khmn]JLEX%fhFs8`cXajJmnkqt
LEK LE\dYkhmnfp\lYaHJLxfp]J\lslkh_[Vfp=YaHJL_a`n\J4 V@HlL*_[L
Y[HJLL*_[_[fp_uX%XaHJfp]lmns 4L Y[HJLp_[LEkhYaL;XZY;
X[@%LXrLEL%`n\).lp]J_[LEXUW  L8 #Y[HJLt
fq_a_[LEt
YaLEsL*\JLE_aqVp`npLEX_[LEXa]Jm®YuX4LE`\J`n\ kpLE_aVqfdf8skpp_[L*LEK LE\dY
@`YaHY[HJL 	L*£8kqtY 	,fq\JLEXE
NPL
£WY9@%L XrH4khmnmx`n\WpL;XZY[`dk#YaL,YaHJL `n\7-l]JLE\lt
L fhkh\ kqsJs8`Ya`nfp\lkpmxYaL*_[K't
fq\dY[kh`n\J`n\J
δ1
kp\ls
δ2
`\ YaHJL
KMf8s8`2.4t*khYa`nfp\fp&L*\JLE_aqVp 4XaL*L   {Eq PX 	
Xa`KMjJmnL 	 KMf8s8`2.4t*khYa`nfp\ @LXaHlkhmnmtEkhmnmFY[HJLfq\JLkqXaXa]JKM`\l
δ1 = δ2 = 0
(GHJLR.lp]l_aL;X(zkp\ls:{;PXaHJf@YaHlL#kpm]JL;Xfh%
2,t*fp_[_aL;tYa`nfp\4XYafY[HJLsJ`nXajJmckpt
LEKML*\dYE 
`6 LpsJ`W`cs8LEsWV
max[|ui|]
t*fpKMjJ]8Y[LEskpmfq\JYaHlL%khjljJ_afqjJ_[`nkhYaL@mn`\JLq(i\JLt*kp\XrLEL&YaH4k#YFY[HJ`cXF`n\7-l]JLE\lt
L
`cXFXaKkhmnm½ ¨`n\jJ_ukpt
Ya`ct
L&\lL*pmn`np`nJmLqFN,LEpLE_rY[HJL*mnLEX[X* EYaHlLkqsJs8`Ya`nfp\lkpmhYaLE_aK `cXF\JLELEs8L;s fp_FYaHJLkpXaVWKMj8YafpYa`ct
t*fp_[_aL;tY[\JLEX[XBfpY[HJL fp_[K]lmnkpLp
 L
Y&]lX&XrYa_[LEX[XHJL*_[LYaH4k#Y@YaHlL¨kpm]lLEX(fh
ε
kp\ls
σ
kpjJj4L;kh_[`\l`n\ YaHJLjJ_[`n\lt
`njlkhm8j4kh_aY(fp4Y[HJLL*\lL*_[pV
t*fp_[_aL;tY[`fq\:s8L*jxL*\lsJ`\JMfq\
eu(0)
s8f t*fp\dY[kp`\
δ1
kh\ls
δ2
`n\ khq_aLEL*KML*\dY@`®Y[H   Upy
@T8KMkpmmnL*_WVMY @ffq_[sJL*_uXfh@Kkhq\J`®Y[]ls8LYa]J_[\JLEs¡fq]8YPY[HJL`n\7-l]lL*\lt*Lfh@LE\JL*_[pV¡t
fq_a_[LEt
Ya`nfp\YaLE_aK `\Y@HJ`ntuH
δ1
kp\ls
δ2kpjJjxLEkh_kpmfq\JLkpXK]lm®Y[`jJmn`ct*k#Y[`qLåkptY[fp_uX*
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fpKMjxfp\JLE\dY[Xfh@YaHlL s8`cXajJmnkqt
LEK LE\dYkhmnfp\l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ΓR
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Ya`nfp\lXY[f¡YaHJLsJ`nXajJmckpt
LEKML*\dY[X
u1   mnL
ÏY kh\4s u2   _[`npHdY kpmfq\JYaHJLmn`n\JL
x2 = 0.8
 7@HJ`ctuHY[fp]ltuHlLEXYaHlL_a`n\J
ΓR
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HJL_aLEmnkhYa`npLt*fp_[_aL;tY[`fq\lXY[f:YaHlL s8`cXajJmnkqt
LEK LE\dY[X
u1   mnL
ÏY kp\ls u2   _a`npHdY Pkhmnfp\JYaHJLmn`n\JL
x1 = 0.6
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